Conformal Geometry of Surfaces in 5^ 
and Quaternions 
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This is the first comprehensive introduction to the authors' recent attempts to- 
ward a better understanding of the global concepts behind spinor representations 
of surfaces in 3-space. The important new aspect is a quaternionic-valued func- 
tion theory, whose "meromorphic functions" are conformal maps into H, which 
extends the classical complex function theory on Riemann surfaces. The first 
results along these lines were presented at the ICM 98 in Berlin Basic con- 
structions of complex Riemann surface theory, such as holomorphic line bundles, 
holomorphic curves in projective space, Kodaira embedding, and Riemann-Roch, 
carry over to the quaternionic setting. Additionally, an important new invariant 
of the quaternionic holomorphic theory is the Willmore energy. For quaternionic 
holomorphic curves in M.P^ this energy is the classical Willmore energy of con- 
formal surfaces. 

The present paper is based on a course given by one of the authors at the Sum- 
mer School on Differential Geometry at Coimbra in September, 1999. It centers 
on Willmore surfaces in the conformal 4-sphere MP^. The first three sections 
introduce linear algebra over the quaternions and the quaternionic projective 
line as a model for the conformal 4-sphere. Conformal surfaces f : M —>■ MP^ 
are identified with the pull-back of the tautological bundle. They are treated 
as quaternionic line subbundles of the trivial bundle M x H^. A central object, 
explained in section 5, is the mean curvature sphere (or conformal Gauss map) of 
such a surface, which is a complex structure on M x H^. It leads to the definition 
of the Willmore energy, the critical points of which are called Willmore surfaces. 
In section 7 we identify the new notions of our quaternionic theory with notions 
in classical submanifold theory. The rest of the paper is devoted to applications: 
We classify super-conformal immersions as twistor projections from CP^ in the 
sense of Penrose, we construct Backlund transformations for Willmore surfaces 
in HP^, we set up a duality between Willmore surfaces in 5*^ and certain minimal 
surfaces in hyperbolic 3-space, and we give a new proof of a recent classification 
result by Montiel on Willmore 2-spheres in the 4-sphere. 
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1 Quaternions 



1.1 The Quaternions 

The Hamiltonian quaternions H are the unitary R-algebra generated by the sym- 
bols i,j,k with the relations 

ij — —ji — k, jk — —kj — i, ki — —ik — j. 

The multiplication is associative but obviously not commutative, and each non- 
zero element has a multiplicative inverse: We have a skew-field, and a 4-dimensio- 
nal division algebra over the reals. Probenius showed in 1877 that R, C and HI 
are in fact the only finite-dimensional IR-algebras that are associative and have 
no zero-divisors. For the element 

a — ao + Qii + + a^k, a; e M, (1-1) 

we define 

a :— Qq — aii — a2j — a^k, 
Re a := oq, 

Im a :— Uii + + a^k. 

Note that, in contrast with the complex numbers, Ima is not a real number, and 
that conjugation obeys 

ab = ba. 

We shall identify the real vector space H in the obvious way with M^, and the 
subspace of purely imaginary quaternions with M^: 

= ImH. 

The reals are identified with Rl. The embedding of the complex numbers C is 
less canonical. The quaternions i,j,k equally qualify for the complex imaginary 
unit, and in fact any purely imaginary quaternion of square -1 would do the job. 
From now on, however, we shall usually use the subfield C C EI generated by 1, i. 
Occasionally we shall need the Euclidean inner product on R^ which can be 
written as 

1 _ 

< a,b >M.= Re(a6) = Re(a6) = -{ab + ba). 

We define 

\a\ := \/< a,a >« = \faE. 
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Then 



\ab\ = \a\ \b\. (1.2) 

A closer study of the quaternionic multiphcation displays nice geometric aspects. 
We first mention that the quaternion multiplication incorporates both the usual 
vector and scalar products on M^. In fact, using the representation (|1.1| ) one finds 
for a,be ImH = W 

ah = a X b— < a,b >m. ■ (1-3) 

As a consequence we state 

Lemma 1. For a, 6 G H we have 

(i) ab = ba if and only iflma and Imb are linearly dependent over the reals. In 
particular, the reals are the only quaternions that commute with all others. 

(ii) = —1 if and only if \a\ = 1 and a = Ima. Note that the set of all such a 
is the usual two-sphere 

CR^ = ImH. 

Proof. Write a = ao + a',b = bo + b', where the prime denotes the imaginary part. 
Then 

ab = ao&o + cto^' + ci'^o + a'b' 

= ao&o + ciob' + a'bo + a' x b' — < a', b' >k . 

All these products, except for the cross-product, are commutative, and follows. 
From the same formula with a = b we obtain Ima^ = 2aoa'. This vanishes if and 
only if a is real or purely imaginary. Together with ( p..2|) we obtain dnj). □ 

1.2 The Group 

The set of unit quaternions 

:= {/i e H| = 1} 

i.e. the 3-sphere in EI = M^, forms a group under multiplication. We can also 
interpret it as the group of linear maps x ^ fix of II preserving the hermitian 
inner product 

< a,b >:= ab. 
This group is called the symplectic group Sp{l). 
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We now consider the action of on H given by 

5^ X e ^ e, (/i, a) ^ ^afi-\ 

By ( |1.2| ) this action preserves the norm on EI = and, hence, the Euchdean 
scalar product. It obviously stabilizes M C HI and, therefore, its orthogonal 
complement = ImlH. We get a map, in fact a representation, 

n : ^ 50(3), fi^ fi... /i"-^|imH- 

Let us compute the differential of vr. For fi E and v G T^S^ = (M/i)^, we get 

d^n{v){a) = vafx'^ — ixafj.~^vfj.~^ = fi{fj.~^va — afi^^v)ix~^ . 

Now n^^v commutes with all a G ImH if and only if f = r/x for some real r. But 
then V = 0, because v -L fi. Hence vr is a local diffeomorphism of 5"^ onto the 3- 
dimensional manifold 5*0(3) of orientation preserving orthogonal transformations 
of R^. Since is compact and 50(3) is connected, this is a covering. And since 
IJ,an~^ = a for all a G ImH if and only if yU G M, i.e. if and only if = ±1, this 
covering is 2:1. It is obvious that antipodal points of 5^ are mapped onto the 
same orthogonal transformation, and therefore we see that 

^0(3) = Sy{fi ~ -fi} = RP\ 

We have now displayed the group of unit quaternions as the universal covering 
of 50(3). This group is also called the spin group: 

^3 = Sp{l) = Sptn{3). 

If we identify EI = C © Cj = C^, we can add yet another isomorphism: 

5^ ^ SU{2). 

In fact, let /i = /io + /iij G 5^ with /^o, A^i G C. Then for a,/? G M we have 
j{a + iP) = (a — Therefore the C-linear map : — > C^,x t— > fix has 

the following matrix representation with respect to the basis 1, j of C^: 

A^l = /io + /ilj = lyUo + jfil 

^mJ =-AH + f^oj =1(-/Ui) + j/io- 
Because of fiofio + fulfil = 1, we have 

( ^'j] G SU{2). 
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2 Linear Algebra over the Quaternions 



2.1 Linear Maps, Complex Quaternionic Vector Spaces 

Since we consider vector spaces V over the skew-field of quaternions, tliere are 
two options for tfie multiplication by scalars. We choose quaternion vector spaces 
to be right vector spaces, i.e. vectors are multiplied by quaternions from the right: 

V xM^V,{v,X) ^ vX. 

The notions of basis, dimension, subspace, and linear map work as in the usual 
commutative linear algebra. The same is true for the matrix representation of 
linear maps in finite dimensions. However, there is no reasonable definition for 
the elementary symmetric functions like trace and determinant: The linear map 
A : H — >■ H, X I— > ix, has matrix (i) when using 1 as basis for H, but matrix {—i) 
when using the basis j. 

If yl e End(V^) is an endomorphism, v & V, and A G EI such that 

Av = v\, 

then for any /x G EI\{0} we find 

A{vjj,) = {Av)n = vXfi = {vfi)(fi^^\fi). 

If A is real then the eigenspace is a quaternionic subspace. Otherwise it is a 
real - but not a quaternionic - vector subspace, and we obtain a whole 2-sphere 
of "associated eigenvalues" (see Section [T]^). This is related to the fact that 
multiplication by a quaternion (necessarily from the right) is not an H-linear 
endomorphism of V. In fact, the space of H-linear maps between quaternionic 
vector spaces is not a quaternionic vector space itself. 

Any quaternionic vector space V is of course a complex vector space, but this 
structure depends on choosing an imaginary unit, as mentioned in section p..l| . 
We shall instead (quite regularly) have an additional complex structure on V, 
acting from the left, and hence commuting with the quaternionic structure. In 
other words, we consider a fixed J G End(V^) such that = —I. Then 

{x + iy)v := vx + {Jv)y. 

In this case we call (V, J) a complex quaternionic (bi-)vector space. If (V, J) and 
{W, J) are such spaces, then the quaternionic linear maps from to split as a 
direct sum of the real vector spaces of complex linear {AJ = J A) and anti-linear 
{AJ = — J A) homomorphisms. 

Hom(V, W) = Hom+(V, W) © Hom_(V, W) 
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In fact, Hom(V, H^) and Hom±(V,Vr) are complex vector space with multiplica- 
tion given by 



The standard example of a quaternionic vector space is H". An example of a 
complex quaternionic vector space is with J [a, b) := (—6, a). 
On = H, any complex structure is simply left-multiplication by some G EI 
with A^^ = — 1. The following lemma describes a situation that naturally produces 
such an A^, and that will become a standard situation for us. But, before stating 
that lemma, let us make a simple observation: 

Remark 1. On a real 2-dimensional vector space U each complex structure J G 
End([/) induces an orientation O such that {x, Jx) is positively oriented for any 
X ^ 0. We then call J compatible with O. 

Lemma 2 (Fundamental lemma). 

(i) Let U G M. be a real subspace of dimension 2. Then there exist A^, i? G H 
with the following three properties: 



The pair {N, R) is unique up to sign. If U is oriented, there is only one 
such pair such that N is compatible with the orientation. 

(a) IfU,N and R are as above, and U C ImH, then 

N = R, 

and this is a Euclidean unit normal vector of U in ImH = R'^. 

(Hi) Given N.ReM. with = -1 = R'^, the sets 

U := {x eM\NxR = x}, := {x e M\ NxR = -x} 

are orthogonal real subspaces of dimension 2. 

Definition. Motivated by (||) of the lemma, A^ and R are called a left and right 
normal vector of [/, though in general they are not at all orthogonal to \J in the 
geometric sense. 



[x + iy)Av := {Av)x + {JAv)y. 



= -l = R^, 
NU = U = UR, 
U = {x eIl\NxR = x}. 



(2.1) 
(2.2) 
(2.3) 
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Proof of the lemma. (|i|). If 1 G f/ and if a G f/ is a unit vector orthogonal to 1, 
then = —1. Hence {N,R) = (a, —a) works for U, and the uniqueness, up to 
sign, follows easily from A^l G U and Na E U. If f/ is arbitrary, and x G f/\{0} 
then put U := x~^U. Clearly, 1 G f/. Moreover, (A^, K) works for U if and only 
if [x'-^Nx, R) works for U. 

(0). If f/ C ImH = M"^, and u,v is an orthonormal basis of U, then N = R = 
u X V = uv satifies the requirements: Use the geometric properties of the cross 
product. 

The above argument shows that cr{x) := NxR has ±l-eigenspaces of real 
dimension 2. Since a is orthogonal, so are its eigenspaces. □ 

Example 1. Let {V, J),{W, J) be complex quaternionic vector spaces of dimen- 
sion 1. Then Hom+(V, W) is of real dimension 2. To see this, choose bases v and 
w, and assume 

Jv = vR, Jw = wN. 

Then A^^ = — 1 = R^. Now F G Hom(F, W) is given by F{v) = wa, and 

FJ = JF FJv = JFv 

<^=^ waR = J{wa) = {Jw)a = wNa <^==^ aR = Na. 

But the set of all such a is of real dimension 2, by the last part of the lemma. The 
same result holds for Hom_(V,14^). As stated earlier, Hom-|-(V,Vr) are complex 
vector spaces, and therefore (non-canonically) isomorphic with C. 

2.2 Conformal Maps 

A linear map F : V ^ W between Euclidean vector spaces is called conformal if 
there exists a positive A such that 

< Fx, Fy >= X < x,y > 

for all x,y G V. This is equivalent to the fact that F maps a normalized or- 
thogonal basis of V into a normalized orthogonal basis of F{V) C W. Here 
"normalized" means that all vectors have the same length, possibly 7^ 1. 
If ^ = = M2 = C, and J : C ^ C denotes multiplication by the imagmary 
unit, then J is orthogonal. For x G C, |x| 7^ 0, the vectors (x, Jx) form a 
normalized orthogonal basis. The map F is conformal if and only if (-Fx, FJx) 
is again normalized orthogonal. On the other hand {Fx, J Fx) is normalized 
orthogonal. Hence F is conformal, if and only if 

FJ = ±JF, 
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where the sign depends on the orientation behaviour of F. 

Note that this condition does not involve the scalar product, but only involves the 
complex structure J. A generalization of this fact to quaternions is fundamental 
for the theory presented here. 

If F : = c ^ = H is M-linear and injective, then U = F{R^) is a 
real 2-dimensional subspace of H, oriented by J. Let N, R ^ M. he its left and 
right normal vectors. Then NU = U = UR, and induces an orthogonal 
endomorphism of U compatible with the Euclidean scalar product of W^. The 
map F : — > [/ is conformal if and only if FJ = NF. Hence F : C — > EI is 
conformal if and only if there exist N,R eM, N"^ = —1 = R^ , such that 

*F := FJ = NF = -FR. 



This leads to the following fundamental 

Definition. Let M be a Riemann surface, i.e. a 2-dimensional manifold endowed 
with a complex structure J : TM TM, = -L A map / : M ^ H = M"^ is 
called conformal, if there exist N, R : M ^ M such that with *df := df o J, 

= -1= R^ (2.4) 



*df = Ndf = -dfR. (2.5) 



If / is an immersion then (|2.4| ) follows from (|2.5|) , and A^ and R are unique, called 



the left and right normal vector of /. 



Remarks. • Equation (|2.5| ) is an analog of 

*df = idf 

for functions / : C ^ C, i.e. of the Cauchy-Riemann equations. In this 
sense conformal maps into EI are a generalization of complex holomorphic 
maps. 

• If / is an immersion, then df{TpM) C EI is a 2-dimensional real subspace. 
Hence, according to Lemma |^, there exist A^, R, inducing a complex struc- 
ture J on TpM = df{TpM). The definition requires that J coincides with 
the complex structure already given on TpM. 

• For an immersion / the existence of A^ : M ^ EI such that *df = Ndf 
already implies that the immersion / : M — > EI is conformal. Similarly for 
R. 

• If / : M — > Im EI = is an immersion then N = R is "the classical" unit 
normal vector of /. But for general / : M — > EI, the vectors A^ and R are 
not orthogonal to df{TM). 
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3 Projective Spaces 



In complex function theory the Riemann sphere CP^ is more convenient as a 
target space for holomorphic functions than the complex plane. Similarly, the 
natural target space for conformal immersions is HP^ rather than H. We there- 
fore give a description of the quaternionic projective space. 



3.1 Projective Spaces and AfRne Coordinates. 

The quaternionic projective space HP" is defined, similar to its real and complex 
cousins, as the set of quaternionic fines in H["+^. We have the (continuous) cano- 
nical projection 

TT : H"+^\{0} ^ HP", X ^ 7r{x) = [x] = xM. 

The manifold structure of HP" is defined as follows: 
For any linear form p G (H"+^)*, /3 7^ 0, 



u : Tr{x) ^ X < (3,x > 



-1 



is well-defined and maps the open set {7r(x') | < P,x 0} onto the affine 
hyperplane P — 1, which is isomorphic to H". Coordinates of this type are called 
affine coordinates for HP". They define a (real-analytic) atlas for HP". 
We shall often use this in the following setting: We choose a basis for H""*"^ such 
that P is the last coordinate function. Then we get 



Xi 



or 



\XnX^j^-y j 



The set 



{t^[x) I < >= 0} 



is called the hyperplane at infinity. 

Example. In the special case n = 1, the hyperplane at infinity is a single point: 
HP^ is the one-point compactification of M^, hence "the" 4-sphere: 

HP^ = S\ 

Note however, that the notion of the antipodal map is natural on the usual 4- 
sphere, but not on HP^ - unless we introduce additional structure, like a metric. 
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For our purposes it is important to have a good description of the tangent space 
T^HP" for / G HP". For that purpose, we consider the projection 

TT : H"+^\{0} ^ HP" 

in affine coordinates: If /5 G (H""*"^)* is as above, then 

/z = M o TT : H"+^{0} ^ H"+\ X -^x < f3,x>-^ 

satisfies 

d^h{v) = V < l3,x -X < /3,x >~^< (3, v >< (3, x . 

Therefore 

ker d^h = xH, 
d^xh{vX) = dxh{v) 

for A G H\{0}, and the same holds for vr: 

ker (i^;?!" = a;H, (3-1) 
4A7i"(f A) = d^'K{v). (3.2) 

By (|3.1| ), dxTi induces an isomorphism 

47r : H"+V/ ^ T,HP", / = 7r(x), 

of real vector spaces, but it depends on the choice of x G /. To eliminate this 
dependence, we note that by ( |3.2| ) the map 

Hom(/,H"+VO ^ T,HP",P 47r(P(x)), 

with X G ^\{0} is a well-defined isomorphism: 

Hom(/,H"+V/) ^ T/HP". (3.3) 

In other words, we identify dxTi{v) with the homomorphism from I = 'k{x) = xM. 
to H""*"^// that maps x to vr/(t>) := w mod /. For practical use, we rephrase this 
as follows: 

Proposition 1. Let f : M ^ H"+i\{0} and f = nf : M ^ HP". 

Let pe M,l:= f{p),v G TpM. Then 

dpf : TpM T;(p)HP" = Hom(/(p),H"+V/(p)) 

is given by 

dJ{v){f{p)X)=Mdpf{v)X). 
We denote the differential in this interpretation by 6f : 



Sf{v){f) = df{v) mod/. (3.4) 



12 



Proof. The tangent vector 

is identified with the homomorphism F : f{p) — > E["//(p), that maps f{p) into 
dpf{v) mod f{p). □ 

3.2 Metrics on MP". 

Given a non-degenerate quaternionic hermitian inner product < ., . > on ]HI"+^, 
we define a (possibly degenerate Pseudo-) Riemannian metric on HP" as follows: 
For X e EI"+^ with < x,x >^ and v,w E (xH)-*- we define 

< dx7T(v), dx'Kiw) >= Re < v,w > . 

< x,x > 

This is well-defined since, for 7^ A e H, we have 

< dxx7:{vX),dxx7r{wX) >=< cij;7r(v), ci^7r(w) > . 
It extends to arbitrary v,w hy 

< v,w — X < x,w >< x,x >~^> 



< dxn{v), dxn{w) > = Re ■ 



< x,x > 



< v,w >< x,x > — < v,x >< x,w > ,^ ^. 

= Re . (3.5) 

<x,x>^ 

Example 2. For < v,w >— Vk'^k we obtain the standard Riemannian metric 
on HP". (In the complex case, this is the so-called Fubini-Study metric.) The 
corresponding conformal structure is in the background of all of the following 
considerations. 

We take this standard Riemannian metric on HP^ = S'^ and ask which metric it 
induces on via the affine parameter 

/i:H^HP\x^ ^ 

Let /i : H ^ H2,a; ^ (a;, 1), and let "=" denote equality mod Q H. 
Then 
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The latter vector is < ., . >-orthogonal to {x, 1), and therefore the induced metric 
on H is given by 



1 

(1 + xxY 



h* <V,W>a,^ — TT^r Rc < ( ^ ) , ( ^ ) > 



1 T. /- N 1 

Re{vw) = — — — — ^ < V, w >K . 



But stereographic projection of induces the metric 

2 

on W^. Hence the standard metric on M.P^ is of constant curvature 4. 

Example 3. If we consider an indefinite hermitian metric on H""*"^, then the 
above construction of a metric on HP" fails for isotropic lines (< I >= 0), but 
these points are scarce. We consider the case n — 1, and the hermitian inner 
product 

< V,W >= V1W2 + V2W1. 

Isotropic lines are characterized in affine coordinates h : x ^ \^\ by 



i.e. by .T G ImH = M?. 

The point at infinity \z\ H is isotropic, too. Therefore, the set of isotropic points 



is a 3- sphere S*^ C 5"^, and its complement consists of two open discs or - in affine 
coordinates - two open half-spaces. 
As in the previous example, we find 

for the induced metric on the half-spaces Re 7^ of H. This is - up to a constant 
factor - the standard hyperbolic metric on these half-spaces. 

3.3 Moebius Transformations on MP^. 

The group G/(2,e) acts on HP^ by G{vWj := GvM. The kernel of this action, 
i.e. the set of all G e Gl{2, H) such that Gv e vM for all v, is {pl\pe M}. 
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How is this action compatible with the metric induced by a positive definite 
hermitian metric of H^? Using ( p.5|) we find 



\dG{d^n{vX))\^ = Re 



< G{vX), G{vX) > - < G{vX), Gx >< Gx, G{vX) > 



< Gv, Gv > 



|A|2Re- 

\X\^\dG{d^7r{v))\^ 



< Gx, Gx >2 

< Gv, Gx >< Gx, Gv > 



< Gx, Gx >2 



Taking G = I we see that for v ^ the map 

e ^ T,(,.)HP\ A ^ d,7f{vX) 

is length-preserving up to a constant factor, i.e. is a conformal isomorphism. 
But the same is obviously true for the metric induced by the pull-back under 
an arbitrary G, and therefore GL{2,M.) acts conformally on MP^ = S'^. We call 
these transformations the Moebius transformations on HP^. In affine coordinates 
they are given by 

{ax + b){cx + d)~^ 
1 

This emphasises the analogy with the complex case. 

It is known that this is the full group of all orientation preserving conformal 
diffeomorphisms of 5"^, see [B]. 



fa b\ 


X 




ax + h 




[c d) 


1 




cx + d 





3.4 2-Spheres in S'^. 
We consider the set 

Z = {S e End(e2) I = -I}. 

For S E Z we define 

s' := {/ e ep^ I SI = I}. 

We want to show 

Proposition 2. (i) S' is a 2-sphere in M.P^, i.e corresponds to a real 2-plane 
m H = under a suitable affine coordinate. 

(a) Each 2-sphere can be obtained in this way by an S E Z, unique up to sign. 

Proof. We consider as a (right) complex vector space with imaginary unit i. 
Then S is C-linear and has a (complex) eigenvalue A^. If Sv = vN, then 

s{vm) = vNm = vB.. 
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Hence S' ^ 0. 

We choose a basis v,w of such that vM G 5", i.e. Sv = vN for some A^, and 
Sw = —vH — wR. Then 5*^ = — / imphes 



A^^ = -1 = R^, NH = HR. 



For the affine parametrization h :M. ^ M.P^, x ^ [vx + w] we get: 

[vx + wx] E S' <^=^ 3^ S{vx + w) = {vx + w)7 

<^=^ 3^ vNx — vH — wR = vxj + wy 

Nx — H = x'j 
-R = -f 

Nx + xR = H. 



3, 



This is a real-hnear equation for x, with associated homogeneuos equation 

Nx + xR = 0. 

By Lemma ^ this is of real dimension 2, and any real 2-plane can be realized this 
way. □ 

Obviously, S and —S define the same 2-sphere. But S determines {N,R), thus 
fixing an orientation of the above real 2-plane and thereby of S'. Hence the 
lemma can be paraphrased as follows: 

Z is the set of oriented 2-spheres in S"^ = HP^. 



4 Vector Bundles 

We shall need vector bundles over the quaternions, and therefore briefly introduce 
them. 

4.1 Quaternionic Vector Bundles 

A quaternionic vector bundle vr : V — M of rank n over a smooth manifold M is 
a real vector bundle of rank An together with a smooth fibre-preserving action of 
H on from the right such that the fibres become quaternionic vector spaces. 

Example 4. The product bundle vr : M x H"' — > M with the projection on the 
first factor and the obvious vector space structure on each fibre {x} x H" is also 
called the trivial bundle. 
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Example 5. The points of the projective space HP" are the 1-dimensional sub- 
spaces of H""'"^. The tautological bundle 

tte : S ^ HP" 

is the hne bundle with = /. More precisely 

S := {(/, v) G HP" X H"+^ \vel}, 
TTs : S ^ HP", ^ /. 

The differentiable and vector space structure are the obvious ones. 

Example 6. If — > M is a quaternionic vector bundle over M, and f : M ^ M 
is a map, then the "pull-back" f*V — > M is defined by 

rV:={{x,v)\veVf^^)}cMxV 

with the obvious projection and vector bundle structure. The fibre over x G M 
is just the fibre of V over f{x). 

We shall be concerned with maps f : M ^ HP" from a surface into the projective 
space. To / we associate the bundle L := /*E, whose fibre over x is f{x) C 
jjn+i _ ^ ]H["+i. The bundle L is a line subbundle of the product bundle 

H ■.= M X H"+\ 

Conversely, every line subbundle L of H over M determines a map f : M ^ HP" 
by f{x) := Lx- We obtain an identification 



Maps 




Line subbundles 


f -.M ^ HP" 




Lc H = M X H"+i 



All natural constructions for vector spaces extend, fibre- wise, to operations in the 
category of vector bundles. For example, a subbundle L of a vector bundle H 
induces a quotient bundle H/L with fibres H^/Lr^. Given two quaternionic vector 
bundles Vi,V2 the real vector bundle Hom(Vi,V2) has the fibres Hom(Via;, V2a;)- 
A section $ G r(Hom(Vi, V2)) is called a vector bundle homomorphism. It is 
a smooth map ^ : Vi —>■ V2 such that for all x the restriction ^{vi^ maps Via; 
homomorphically into V2x- There is an obvious notion of isomorphism for vector 
bundles. 

Example 7. Over HP" we have the product bundle H = HP" x H"+^ and, 
inside it, the tautological subbundle S. Then 

THP" = Hom(S,if/S), 

see (§3). 
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Example 8 (and Definition). Let L be a line subbundle of if = M x EI"+^. 
Let ttl : H ^ H/L G r(Hom(ii', H/L)) be the projection. A section ip G r(L) C 
T{H) is a particular map ^ : M ^ ir+\ If X G TpM, then dipiX) e Hp = B"'+\ 
and 

7rz.(rf^(X)) G (i//L)p = H'^+V^P- 

Let A : M ^ e. Then 

7rL(d(^/'A)(X)) = 7rL{dij{X)X + tfjdXiX)) = 7rL{dtlj{X))X. 

We see that 

^ 7ri(#(X)) =: 6{X){^) 

is tensor ial in -i/^, i.e. we obtain 

6{X) = 6l{X) G Hom(Lp, (ii/L)^). 

Of course this is M-linear in X as well, so 6 should be viewed as a 1-form on M 
with values in Hom(L, H/L): 



6 en\}lom{L,H/L)). (4.1) 



Let us repeat: Given p G M, X G TpM, and ipo G Lp, there is a section G T{L) 
such that '?/'(p) = ipQ. Then 



5p(X)V^o = T^Lidp^PiX)) = dpiplX) mod Lp. 



Note the similarity to the second fundamental form 

a{X,Y) = {dY{X))^. 

of a submanifold M in Euclidan space. In the case at hand, L corresponds to TM 
and M"'~^^/L corresponds to the normal bundle. This is the general method to 
measure the change of a subbundle L in a (covariantly connected) vector bundle 
H. 

We can view L as a map f : M HP". Even if this is an immersion, 5 clearly 
has nothing to do with the second fundamental form of /. Instead, comparison 
with Proposition |I] shows that 

6:TM ^ Hom(L, H/L) 

corresponds to the derivative of /, and we shall therefore call it the derivative of 
L. 
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Example 9. The dual V* := {u : V M.\uj H-linear} of a quaternionic vector 
space V is, in a natural way, a left H-vector space. But since we choose quater- 
nionic vector spaces to be right vector spaces, we use the opposite structure: For 
uj & V* and A G H we define 

ujX := Xuj. 

This extends to quaternionic vector bundles. E.g., if L is a line bundle, i.e. of 
rank 1, then L* is another quaterionic line bundle, usually denoted by L~^. 

A quaternionic vector bundle is called trivial if it is isomorphic with the product 
bundle M x H", i.e. if there exist global sections 0i, ... , (pn '■ M ^ V that form 
a basis of the fibre everywhere. Note that for a quaternionic line bundle over a 
surface the total space V has real dimension 2 + 4 = 6, and hence any section 
(p : M ^ V has codimension 4. It follows from transversality theory that any 
section can be slightly deformed so that it will not hit the 0-section. Therefore 
there exists a global nowhere vanishing section: Any quaternionic line bundle 
over a Riemann surface is (topologically) trivial. 



4.2 Complex Quaternionic Bundles 

A complex quaternionic vector bundle is a pair {V, J) consisting of a quaternionic 
vector bundle V and a section J G r(End(l^)) with 

J' = 

see section 121] . 

Example 10. Given / : M — H, *df = Ndf, the quaternionic line bundle 
L = M X EI has a complex structure given by 

Jv ■= Nv. 



Example 11. For a given S G End(EI^) with S"^ = —I, we identified 

s' = {i\si = 1} c mp^ 

as a 2-sphere in HP^, see section R]!. We now compute 6, or rather the image of 
6, for the corresponding line bundle L. In other words, we compute the tangent 
space of S' C MP\ 

Note that, because of SL C L, S induces a complex structure on L, and it 
also induces one (again denoted by S) on H/L such that tilS = Stil- Now for 
ijj G r(L), we have 

SSiIj = nid^Stp) = TTiSdip = SiTidip = S6ip- 



19 



This shows 

TS' = imaged C Hom+(L, ///L). 

But the real vector bundle Hom+(L, H/L) has rank 2, see Example |1], and since 
S' is an embedded surface, the inclusion is an equality: 

TiS' = Hom+(L,, iH/L)i) C Hom(L;, {H/L)i) = TMP\ 

For our next example we generalize Lemma |^. 

Lemma 3. Let V, W be 1- dimensional quaternionic vector spaces, and 

U C Hom(\/, W) 

he a 2- dimensional real vector suhspace. Then there exists a pair of complex 
structures J G End(l^), J G End(iy), unique up to sign, such that 

JU = U = UJ, 
U = {F e Eom{V, W) I JFJ = -F} 

If U is oriented, then there is only one such pair such that J is compatible with 
the orientation. 

Note: Here we choose the sign of J in such a way that it corresponds to —R 
rather than R. 

Proof. Choose non-zero basis vectors v & V,w & W. Then elements in Hom(V, W) 
and endomorphisms of \^ or of are represented by quaternionic 1 x 1-matrices, 
and therefore the assertion reduces to that of Lemma ^ □ 

The following is now evident: 

Proposition 3. Let L G H = M x M"^ be an immersed oriented surface in 
M.P^ with derivative 6 G Q^{}iom{L,H/L)). Then there exist unique complex 
structures on L and H/L, denoted by J, J, such that for all x G M 

J6{T^M) = 6{T^M) = 6{T^M)J, 
J6 = 6 J, 

and J is compatible with the orientation induced by 6 : T^M — > 5(Tj,.M). 

Definition. A line subbundle L G H = M x H"+^ over a Riemann surface M 
is called conformal or a holomorphic curve in MP", if there exists a complex 
structure J on L such that 

*6 = 5 J. 
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From the proposition we see: If L is an immersed holomorphic curve in HP^, i.e. 
if 5 is in addition injective, such that 6{TM) C Hom(L, H/L) is a real subbundle 
of rank 2, then there is also a complex structure J G r(End(if/L)) such that 



*S = 6J= J6. 



(4.2) 



A Riemann surface immersed into HP^ is a holomorphic curve if and only if the 
complex structures given by the proposition are compatible with the complex 
structure given on M in the sense of 



Example 12. Let / : M — EI be a conformally immersed Riemann surface with 
right normal vector R, and let L be the line bundle corresponding to 



Then 



G r(L), and 

S{({) R)=7cM' ]R) 



If we define J G End(L) by J 



f 
1 

dfR 




df 



*df 




R 



* 5 



dR) 



R then 



5J = *5, 



hence (L, J) is a holomorphic curve. Conversely, if [L, J) is a holomorphic curve, 



then J 



R for some R : M M, and / is conformal with right 



normal vector R. 



4.3 Holomorphic Quaternionic Bundles 

Let (V, J) be a complex quaternionic vector bundle over the Riemann surface M. 
We decompose 

HomiR (TM, 1/) = iTK © irV, 

where 

KV := {uj -.TM ^V \ * oo = Juj}, 
KV := {iu : TM ^V \ * uj = - Juj}. 
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Definition. A holomorphic structure on (V, J) is a quaternionic linear map 

D : T{V) T{KV) 
sucli tliat for all ip e T{V) and X : M ^ M 

D{iIjX) = {D'^)X + ^{'^dX + JiP *dX). (4.3) 

A section ip G T{V) is called holomorphic if D^/^ = 0, and we put 

H^{V) = kerD C T{V). 

Remarks. 1. For a better understanding of this, note that for complex- valued 
A the anti-C-hnear part (the K-part) of dX is given by dX = ^{dX + i * dX). In 
fact, 

{dX + i*dX){JX) = *dX{X) -tdX{X) = -t{dX + i * dX){X). 

A holomorphic structure is a generalized ^-operator. Equation ( [4 .31) is the only 
natural way to make sense of a product rule of the form ^^D{ipX) = {Dil))X+ipdX" . 
2. If L is a holomorphic curve in HP^, does this mean L carries a natural 
holomorphic structure? This is not yet clear, but we shall come back to this 
question. See also Theorem |1| below. 

Example 13. Any given J E End(H"), = -1, turns H = M x W into a 
complex quaternionic vector bundle. Then T{H) = {ip : M ^ H"}, and 

:= ^{d^p + J *di)) 

is a holomorphic structure. 

Example 14. If L is a complex quaternionic line bundle and G r(L) has no 
zeros, then there exists exactly one holomorphic structure D on {L, J) such that 
becomes holomorphic. In fact, any ip G r(L) can be written as ip = (pfi with 
fi : M —>■ M, and our only chance is 

D^: ■=^{(f)d^ + J(f)*dn). (4.4) 

This, indeed, satisfies the definition of a holomorphic structure. 
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Example 15. If/:M— »EIisa confer mal surface with left normal vector N, 
then iV is a complex structure for L = M x H, and there exists a unique D such 
that Dl = 0. A section ip = Ifi is holomorphic if and only if dfi + N*dfi = 0, i.e. 

*dfi = Ndfi. 

The holomorphic sections are therefore the conformal maps with the same left 
normal as /. In this case dim H^{L) > 2, since 1 and / are independent in 

Theorem 1. If L (Z H = M x M."'^^ is a holomorphic curve with complex struc- 
ture J, then the dual bundle inherits a complex structure defined by Joj := uJ. 
The pair {L^^, J) has a canonical holomorphic structure D characterized by the 
following fact: Any quaternionic linear form uo : IP^^ H induces a section 
ujl G r(L~^) by restriction to the fibres of L. Then for all uj 

Dojl = 0. 

Proof The vector bundle L-^ with fibre = {oo e (11"'+^)* | uj\l^ = 0} has a 
total space of real dimension 4n-\-2. Therefore there exists uj such that ul has no 
zero. Example |T^ yields a unique holomorphic structure D such that Dujl = 0. 
Now any a G r(L~^) is of the form a = ujlX for some A : M — > H. Then, by 
( ^.41 ), for any section ip G T{L) we have 

< Da, ip >= - < uJidX + Jujl * dX, ip > 

= i(< todX, ip > + < to * dX, Jip >) 

= ^{d < uX, ip > + *d< uX, Jtp >) - ^< uX, dip + *d{Jip) > 

= ^{d < a,ip > + * d < a, Jip >) — < uX, dip + *d{Jip) > . 

Note that *5 = implies d^^ + *d{Jip) G r(L), and this allows us to replace uX 
by a in the last term as well: 

< Da, ip >= -{d < a,ip > + * d < a, Jip >) — - < a,dip + *dJip > . 

This contains no reference to u, hence D is independent of the choice of u such 
that ul has no zero. But the last equality shows Da = for any a = ujl with 

UJ G (e"+i)*. □ 

Remark 2. As we shall see in the next section, a holomorphic curve L in MP^ 
carries a natural holomorphic structure. In higher dimensional projective spaces 
this is no longer the case. Therefore rather than L plays a prominent role in 
higher codimension. 
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5 The Mean Curvature Sphere 

5.1 S-Theory 

Let M be a Riemann surface. Let 

:= M X 

denote the product bundle over M, and let S : M ^ End(tf) G r(End(if)) 
with 5"^ = — / be a complex structure on H. We spht the differential according 
to type: 

d^jj = d'^ + d"ijj, 

where d' and d" denote the C-linear and anti-linear components, respectively: 

*d' = Sd', *d" = -Sd". 

Explicitly, 

d'ij = -{dilj - S*dij), d"^ = -{dij + S *dip). 

So d" is a holomorphic structure on {H, S), while d' is an anti-holomorphic struc- 
ture, i.e. a holomorphic structure of {H, —S). 
In general d{Sil)) ^ Sdip, and we decompose further: 

d' = d + A, d" = d + Q, 

where 

AS = -SA, QS = -SQ. 
For example, we explicitly have 

Bip^ ^{d"ip-Sd"{Sip)). 

Then d defines a holomorphic structure and d an anti-holomorphic structure on 
while A and Q are tensorial: 

^ e r(KEnd_(i/)), g e r(irEnd_(i/)). (5.i) 

For : M ^ e V[E) we have, by definition of dS, 

{dS)i} = d{S^) - Sd^ 

= {d + A)Stlj + {8 + Q)S^ - S{d + A)'il^ - S{d + g)v^ 
= AS^j + QSi) - SAil: - SQil: 
= -2S{Q + A)i} 
= 2{*Q - *A)il:. 



24 



Hence 



dS = 2{*Q -*A), *dS = 2{A-Q). (5.2) 

Then 

SdS ^2{Q + A), 

whence conversely 

Q = ^{SdS -*dS), A = ^{SdS + *dS). (5.3) 



Remcirk 3. Since A and Q are of different type, ^5" = if and only if ^ = 

and Q = 0. If dS = 0, then the ±i-eigenspaces of the complex endomorphism S 
decompose H = (M x C) © (M x C). Therefore A and Q measure the deviation 
from the " complex case" . 



5.2 The Mean Curvature Sphere 

Wc now consider an immersed holomorphic curve L C if in HP^ with derivative 
(5 = (5l e fl^{B.om{L, H/L)). Then there exist complex structures J on L and J 
on H/ L such that 

*6 = 6J = J5. 

We want to extend J and J to a complex structure of H, i.e. find an 

s e r(End(if)) 

such that 

SL = L, S\l = J, nS^ Jtt. 

Note that this implies 

ndSiip) = 7r{d{Silj) - Sdi/j) = SJxp - JSi/j = 0, 

and therefore 

dSL C L. (5.4) 

The existence of S is clear: Write H = L (B L' for some complementary bundle 
L'. Identify L' with H/L using tt, and define 5*1^ := J,S\Lr := J. Since L' is 
not unique, S is not unique. It is easy to see that S = S + R is another such 
extension if and only if : M — > End(lHI^) satisfies 

RH did ker R, 



25 



whence = 0, and 

RS + SR = 0. 

Note that R can be interpreted as an element of B.om{H/L, L). Then Rtt = R. 
We compute Q: 

Q = + R)d{S + R)- *d{S + R)) 

= ^{SdS - *dS) + ^{SdR + RdS + RdR - *dR) 

= Q + ^{SdR + RdS + RdR - *dR). 

If e r(L), then 

= d{Ri^) = dRi) + Rdi), 
RdRip = -R^dt/j = 

and, by 

R dSip = 
Gr(L) 

We can therefore continue 

Q^ = Q^ + ^{SdRij - *dRi)) = Qi) + ^{-SRdi) + *Rdi)) 

= Qi) + ^{-SR5i) + R*5^)=Qi) + ^{-SR5i)+ ^ 8^)). 

=RS=~SR 



Hence, for ip G r(L), 



Q^ = Q^- ]^SR5il). (5.5) 



Now we start with any extension S of (J, J) and, in view of (??), define 

R= -2SQ{X)6{X)-^7T : H ^ H (5.6) 

for some X 7^ 0. First note that this definition is independent of the choice 
of X 7^ 0. In fact, X R is positive-homegeneous of degree 0, and with 
c = cos 6,s = sin 6 

Q{cX + sJX){6{cX + sJX))-'^) = Q{X){cI + sS){6{X){cI + sS))-^ 

= Q{X)5{X)-\ 
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Next 



By definition (|5 



RS = -2SQ{X)6]^^7vS = -2SQ{X)6x^Jti 
= -2SQ{X)S6x^7f = 2S^Q{X)6x^7T 
= -SR. 



L C ker R, 



and from (|5.3| ) and (|5.4|) we get 



whence 



L D -{SdS - *dS)L = QL, 



RH C L. 



We liave now sliown tliat S = S + R is anotlier extension. Finally, using (??) we 
find for ^ eT{L) 

Q^ = Q^- -SRdi) = Qi)- -S{-2SQ5-^'K)di) 
2 2 



Qi) - Q6-^ndij = 0. 



This shows 



Theorem 2. Let L G H = M xEP be a holomorphic curve immersed into HP^. 
Then there exists a unique complex structure S on H such that 



SL = L, dSL C L, 
*6 = 6oS = SoS, 
Q\l = 0- 



(5.7) 
(5.8) 
(5.9) 



S" is a family of 2-spheres, a sphere congruence in classical terms. Because SpLp = 
Lp the sphere Sp goes through Lp G HP^ while dSL C L (or, equivalently, 
6S = SS) implies it is tangent to L in p, see examples |^ and |lT[ In an affine 

r/1 



coordinate system 



as / : M 



L the sphere Sp has the same mean curvature vector 



H at p, see Remark 0. This motivates the 



Definition. S is called the mean curvature sphere (congruence) of L. The diffe- 
rential forms A,Q & fi^(End(i7)) are called the Hopf fields of L. 
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Remark 4. Equations ( |5.7| ), ( p.8| ) imply dip+S*dil) G r(L) for ip G r(L), whence 
c?" = 9 + Q = |(c? + 5 * c?) leaves L invariant. Hence an immersed holomorphic 
curve in HP^ is a holomorphic subbundle of (if, 5, d") and, in particular, is a 
holomorphic quaternionic vector bundle itself. 

Example 16. Let S G Y.m\{n^),S^ = -I. Then 

S' = {le I 5/ = /} c 

is a 2-sphere in HP^. Let L denote the corresponding line bundle and endow 
S' with the complex structure inherited from the immersion. Then the mean 
curvature sphere congruence of L is simply the constant map S' ^ Z oi value S: 
We have SL = L hj definition, and the constancy implies dSL = {0} C L and 
Q = liSdS - *dS) =0. 

5.3 Hopf Fields 

In the following we shall frequently encounter differential forms. Note that the 
usual definition of the wedge product of 1-forms 

00 A e{X, Y) = uj{X)e{Y) - uj{Y)e{X) 

can be generalized verbatim to forms Ui G ^l^iVi) with values in vector spaces 
or bundles Vi, provided there is a product Vi x V2 V. Examples are the 
composition End(V) x End(V) — > End(V) or the pairing between the dual V* 
and V. 

On a Riemann surface M , any 2-form a G fi^ is completely determined by the 
quadratic form a{X,JX) =: ct(X), and we shall, for simplicity, often use the 
latter. As an example, 

00 A e{x, jx) = uj{x)e{jx) - uj{jx)e{x) 

will be written as 

u AO = u *d - *uje. (5.10) 

We now collect some information about the Hopf fields and the mean curvature 
sphere congruence S : M ^ Z. 

Lemma 4. 

d{A + Q) = 2{Q AQ + AAA). 
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Proof. Recall from ( p.2| ) 

SdS = 2{A + Q). 
Therefore, using AS = —SA, QS = —SQ, 

d{A + Q) = ld{SdS) = hdS A dS) 

= 2SiA + Q) ASiA + Q) 

= 2{AaA + AAQ + Q AA + Q AQ). 

But A A Q = hj the following type argument: Using that 

A is "right K'\ and Q "left if" 

we have 

AAQ = A*Q- *AQ = A{-SQ) - {-AS)Q = 0. (5.11) 
Similarly Q A A = 0, because A is left K and Q is right K. □ 

Lemma 5. Let L G H be an immersed surface and S a complex structure on H 
stabilizing L such that dSL C L. Then Q\l = is equivalent to AH C L. 

Notice that the kernels and images of the 1-forms A and Q are well-defined: if 
Qxi' = for some X G TM then also Qjxi^ = —SQxi^ = 0, and thus Qzi' = 
for any Z G TM. In other words, the kernels of Q and A are independent of 
X G TM. The same remark holds for the respective images. 

Proof. We first need a formula for the derivative of 1-forms u G f2^(End(iJ)) 
which stabilize L, i.e., uL G L. If vr = ttx, then for ip G r(L) 

iT{duj{X, Y)tlj){X, Y) =7r(d(cj^)(X, Y) + oo A #(X, Y)) 

=7c{X ■ {uj{Y)^) - Y ■ {uj{X)^) - uji[X, Y])^ 

er(L) 

+ iu{X)d^lj{Y) - iu{Y)diP{X)) 
=6{X)uj{Y)tlj - 6{Y)uj{X)tlj + 7ruj{X)d^{Y) - 7rcu(r)#(X) 
=6{X)uj{Y)iIj - 6{Y)uj{X)iIj + 7rcj(X)#(F) - 7iuj{Y)6'^{X) 
= {6 Au + nu A 6){X, 

where we wedge over composition. Note that the composition ttujS makes sense, 
because uj{L) C L, and L is annihilated by vr. We apply this to A and Q. Since 
AL C L, QL G L we have on L , by lemma 

= ^n{Q AQ + AAA)= n{dA + dQ) 
= 5aA + -kAa5 + 5aQ + -kQa5. 
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By a type argument similar to ( p.ll| ), we get S A A = = nQ A 6. Further, 

TcA A 6 = TiA * S — TT * AS 
= -2SttA6, 

and similarly for the remaining term. We obtain —ttSAS = SSQ\l or 

-nA5 = 5Q\l. 

Since AL C L and S{X) : L —>■ H/L for X 7^ is an isomorphism, we get 
ttA = ^ Q\l = 0. □ 

5.4 The Conformal Gauss Map 

Definition. For a quaternionic vector space or bundle V of rank n and A G 
End(V) we define 

1 

< A >:= — traccR^, 
4n 

where the trace is taken of the real endomorphism A. In particular </>=!. 
We obtain an indefinite scalar product < A,B >:=< AB >. 

Example 17. For A = (a) with a = oq + iai + ja2 + ka^ G H we have 

< A >= - 4ao = ao, 

and 

Q Q Q rj 

< AA >= Re a = — — 03 — a^. 

Proposition 4. The mean curvature sphere S of an immersed Riemann surface 
L satisfies 

< dS,dS >=< *dS,*dS >, <dS,*dS>=0, 
i.e. S : M Z is conformal. 

Because of this proposition, S is also called the conformal Gauss map, see Bryant 
i- 

Proof. We have QA = 0, and therefore 

<Q,A>=< A,Q >=0. (5.12) 
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Then, from (IST 



< dS, dS >=4 < -S{Q + A), -S{Q + A) >= A < Q + A,Q + A > 

=4<Q-A,Q-A >=< *dS, *dS > . 

Similarly, 

< dS, *dS >=4 < -S{Q + A),A-Q> 

=4(< SQQ >-<SQA> + < SAQ > - < SAA >) 

=0 

But, by a property of the real trace, 

< SAQ > =< QSA >=< -SQA >= 0, 

< SQQ > =< QSQ >=< -SQQ >= 0, 

< SAA > =< ASA >=< -SAA >= 0. 



□ 
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6 Willmore Surfaces 

Throughout this section M denotes a compact surface. 



6.1 The Energy Functional 

The set 

Z = {S e End(e2) I = -1} 

of oriented 2-spheres in HP^ is a submanifold of End(EI^) with 

TsZ = {X e End{lf) I XS = -SX}, 
±s2 = {Y e End(tf ) I YS = SY}. 

Here we use the (indefinite) inner product 

< A,B >:=< AB >= ^traceR(A5) 
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defined in Section 5.3. 



Definition. The energy functional of a map S : M ^ Z oi a. Riemann surface 
M is defined by 



E{S) := / <dS A*dS> . 

Critical points S of this functional with respect to variations of S are called 
harmonic maps from M to Z. 



Proposition 5. S is harmonic if and only if the Z-tangential component ofd*dS 
vanishes: 

{d*dSf = 0. (6.1) 

This condition is equivalent to any of the following: 

d{S*dS) = 0, (6.2) 

d*A = 0, (6.3) 

d*Q = 0. (6.4) 

In fact, 

d{S*dS)=Ad*Q = Ad*A = S{d * dSf = {Sd * dS)^. (6.5) 
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Proof. Let St be a variation of in with variational vector field S =:Y. Then 
SY = -YS and 



>= / < dY A*dS > + < dS A*dY > . 

M 



^E(S) = 4- /" <dSA*dS 
dt ^ ' dt J^j 

Using the wedge formula ( |5.10|) and traceM(y4i?) = tracer (i? A), we get 
<dS A *dY > =< dS{-dY) - *dS * dY >=< dY A*dS> . 



Thus 

^E{S) = 2 [ <dY A*dS>=-2 [ <Yd*dS >= -2 [ <Y,d*dS> 
Jm Jm Jm 

Therefore S is harmonic if and only if d * dS is normal. 
For the other equivalences, first note 

= d* d{S^) = d{*dSS + S*dS) 
= {d* dS)S - *dS AdS + dSA *dS + Sd*dS 
= -2{dSf - 2{*dSy + {d * dS)S + Sd*dS 
= 2dS A *dS + {d * dS)S + Sd * dS. 

Now, together with *Q — *A = ^dS and A = \{SdS + *dS), this implies 

8d*Q = 8d*A = 2d{S * dS) 

= 2dS A *dS + 2Sd * dS 

= -{d*dS)S + Sd*dS 

= S{d*dS + S{d*dS)S). 
" V ' 

=2{d*dS)T 



□ 

We now consider the case where S is the mean curvature sphere of an immersed 
holomorphic curve. We decompose dS into the Hopf fields. 



Lemma 6. 



<dS A*dS>=4:{<AA*A> + <QA*Q>), (6.6) 
<dS ASdS >=A{< AA*A> - <Q A*Q>). (6.7) 



Proof. Recall from section 5.1 



dS = 2{*Q-*A), *dS = 2{A-Q), SdS = 2{Q + A). 
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Further 

*QAA = 0, *AAQ = 

by type. Therefore 

<dS A*dS>^4:<{*Q- *A) A{A-Q)> 

^ -4: < *Q A Q > -4: < *A A A > 
^ A < Q A*Q > +A < AA*A>, 

and similarly for < dS A SdS > . □ 

Lemma 7. Let V be a quaternionic vector space, L <Z V a quaternionic line, 
S,B e End(y) such that 

S^^-I, SB^-BS, images cL. 

Then 

traceM B^ < 0, 
with equality if and only if B\l = 0. 

Proof. We may assume B ^ Q. Then L = BV, and SB = —BS implies SL = L. 
Let (f) e L\{0}, and 

S4> = 4>X, B(j) = (p/i. 
Then ^ -1, and BS ^ -SB implies 

Xfi = — /iA. 

Therefore n is imaginary, too. It follows B'^4> = ~|a*P0) ^^^^ 

traceR^^ = traceRS^Ii = — 4|/x|^. 

□ 

This can be applied to ^4 or Q instead of B, since their rank is < 1. We obtain 
Lemma 8. For an immersed holomorphic curve L we have 

< ^ A *^ >= ^ < A >, (6.8) 

and 

<AA*A>>0, <QA*Q>>0. (6.9) 
In particular E{S) > 0. 
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Proof. 

1 1 

< AA*A> = - trace]R(-y4^ - {*Af ) = -- traceR A^. 

=-ASSA=A^ 

Because dim L = ^ dim H we similarly have 

< A\l a *A\l >= -^traceK 

see section |5]^. Because AH C L, we have 

traceK^^ = traceK^I^. 
This proves ( |6.8|) . The positivity follows from Lemma ^ □ 

Proposition 6. (i) The (alternating!) 2-form uj G Vt^{Z) defined by 
ujs{X,Y) =< X,SY >, for S e Z, X,Y eTsZ, 

is closed. 

(a) If S : M Z, and dS = 2{*Q — *A) as usual, see section |5[J ( |5.3| ), then 

S*uj = 2 < A A *A > -2 < Q A *Q > . 

In particular, 

degS :=- I <AA*A>-<QA*Q> 

71" Jm 

is a topological invariant of S . 

Remark 5. Since 5* maps the surface M into the 8-dimensional Z, degS cer- 
tainly is not the mapping degree of S. But for immersed holomorphic curves it 
is the difference of two mapping degrees deg S = deg — deg R, where N, R : 
M ^ S"^ are the left and right normal vector in affine coordinates, see section ^ 

Proof, (i). We consider the 2-form on End(EI^) defined by 

us{X, Y) ■.= ^{<X,SY>-< Y, SX >). 

Then dsijj{X, Y, Z) is a linear combination of terms of the form 

<Y,XZ> . 
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But if X, y, Z e TsZ, S eZ,we get 

<Y,XZ > = - < S^YXZ >=< SYXZS > 
=< S^YXZ >=-< Y,XZ >, 

hence < Y,XZ >= 0. Therefore, if l : Z ^ End(EI^) is the inclusion, 

duj = dL*uj = L*duj = 0. 

fii). We have 



S*uj{X,Y) =< dS{X),SdS{Y) > 
1 



(< dS{X)SdS{Y) > - < SdS{X)dS{Y) >) 
(< dS{X)SdS{Y) > - < dS{Y)SdS{X) >) 



- < dS ASdS> (x,r), 
and Lemma ^ yields the formula. 

The topological invariance under deformations of S follows from Stokes theorem: 
If ^ : M X [0, 1] ^ Z deforms So : M Z into Si, then 







dS*UJ 
Mx[0,l] 

S*uj- [ S*uj 

Mxl JmxO 

Slu — / SqU. 
M Jm 



□ 



Remark 6. From 

E{S) = 4: I <AA*A> + <QA*Q> 



M 



8 <AA*A>+A {<QA*Q>-<AA*A>) 
Jm Jm 



topological invariant 



we see that for variational problems the energy functional can be replaced by the 
integral of < A A*A >. 
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6.2 The Willmore Functional 



Definition. Let L be a compact immersed holomorphic curve in HP^ witli Hopf 
field A. The Willmore functional of L is defined as 

W{L) :=- [ <AA*A>. 

If we vary tlie immersion L : M ^ HP^ , it will in general not remain a holomor- 
phic curve. On the other hand, any immersion induces a complex structure J on 
M such that with respect to this it is a holomorphic curve, see Proposition ^ 
Critical points of W with respect to such variations are called Willmore surfaces. 
If we consider only variations of L fixing the conformal structure of M they are 
called constrained Willmore surfaces, but we shall not treat this case here. 



Example 18. For immersed surfaces in we have 

W{L) = ^ [ {H' - K - K^)\df\\ 
47r Jm 

see section |7]3, Proposition p . 



Theorem 3 (Ejiri []2[, Rigoli [p.C)||). An immersed holomorphic curve L is Will- 
more if and only if its mean curvature sphere S is harmonic. 

Proof. Let Lt be a variation, and St its mean curvature sphere. Note that for 
Lt to stay conformal the complex structure, i.e. the operator *, varies, too. The 
variation has a variational vector field Y G r(Hom(L, H/L)) given by 



d_ 

di 



t=o 



As usual, we abbreviate -^\t=o by a dot. Note that for 'ip E T{L) 

TrSij = TriStfj)- - irS^ = YStp - StttP = (YS - SY)^. 



(6.10) 



We now compute the variation of the energy, which is as good as the Willmore 
functional as long as we vary L. By contrast, in the proof of Proposition |^ the 
conformal structure on M was fixed, and no L was involved. 



d^ 

di 



< dS, A *,dSi > 



t=0 JM 

<dS A *dS > + 



M 



<dS A *dS > 



M 



<dS A *dS > . 



M 



I 



II 



III 
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In general < A A *B >=< B A*A >, because trace^^AB) = traceK(-B^). Hence 

III = I. (6.11) 

Next we claim 

11 = 0. (6.12) 
On TM let J = B, i.e. *cj(X) =: uj{BX). Then we have BJ + JB = 0, and 

<dS A ids > {X, JX) =< dS{X)idS{JX) > - < dS{JX)idS{X) > 

=< dS{X)dS{BJX) > - < dS{JX)dS{BX) > 
= - < dS{X)dS{JBX) > - < dS{BX)dS{JX) > . 

But 5* is conformal, see Proposition ^ therefore 

< dS{X)dS{JX) >= for all X. 

Differentiation with respect to X yields 

< dS{X)dS{JY) > + < dS{Y)dS{JX) >= 

for all X, Y. Using this with Y = BX we get i ^J% ). 
Now, we compute the integral /. 

/ = -/ <S,d*dS> 
4 / <S,Sd*Q> 



(|6j) 
1 



M 



tracer (S'S'c? * Q). 



M 



We shall show in the following lemma that 

image d * Q G L G ker d * Q. 
Therefore we can consider d * Q as a 2-form 

d*Q e n'^{}iom{H/L, L), 

and continue 

I = \ I iiace^iSSd *Q: H ^ H) 
2 Jm 

= 1 I tmceu{7r SSd * Q : H/L H/L) 

2 J M 

= - I iia.ce^{-KS\LSd * Q : H/L H/L) 
2 Jm 

\ [ traceK((rS - SY){Sd * Q) : H/L H/L) 
2 Jm 



(3.10) 



traceK(F(i * Q) — - I traceK(5'FS'(i * Q). 



2 Jm 2 
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Now d* Q is tangential by ( |6.5| ), and hence anti-commutes with S. Thus 
/ = — - / tmce]^{Yd * Q) + - / traceiR(S'y(i * QS) 

= — tTace^{Yd*Q) 
Jm 

<Y,d*Q> 



We therefore showed 



M 

d_ 

It 



E{St) = -8 [ <Y,d*Q> . 

t=0 JM 



Since Q^{B.om{H/ L, L), this vanishes for all variational vector fields Y if and only 
if 



d*Q = 0. 

In the proof we made use of the following 
Lemma 9. 

image d * Q G L G ker d * Q. 

Proof. For ijj gT{L) 

= d{*Qilj) = {d* Q)tlj -*QAd'^ = {d* Q)iIj -*QA 6^, 

because Q\l = 0. But *Q is right K, and 6 is left K. Hence, by type, 

{d*Q)ij = *Q A# = 0. 

This shows the right hand inclusion. Also, 

7r{d * Q)(X, JX) = 7i{d * A){X, JX) 

= n{X ■ {*A{JX)) - JX ■ {*A{X)) - *A{[X,JX])) 

L— valued 

= 6{X) * A{JX) - 6{JX) * A{X) 
= -6{X)A{X) - 5{X)SSA{X) 
= 0. 



□ 



□ 
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7 Metric and Affine Conformal Geometry 

We consider the metric extrinsic geometry of / : M — in relation to the 
quantities associated to 



L :-- 



: M ^mP\ 



For brevity we write < ., . > instead of < ., . >ir. 
7.1 Surfaces in Euclidean Space 

Let A^, R denote the left and right normal vector of / : M ^ H, i.e. 

*df = Ndf = -dfR. 

Proposition 7. The second fundamental form II{X,Y) = {X ■ df{Y))-^ of f is 
given by 

//(X, Y) = ]^{*df{Y)dR{X) - dN{X) * dfiY)). (7.1) 

Proof. We know from Lemma ^ that v i— N{x)vR{x) is an involution with the 
tangent space as its fixed point set: 

Ndf{Y)R = df{Y) (7.2) 

Its (— l)-eigenspace is the normal space, so we need to compute 

//(X, y) = \{X- dfiY) - NX ■ df{Y)R). 



But differentiation of ( [7. 2| ) yields 

dN{X)df{Y)R + NX ■ df{Y)R + Ndf{Y)dR{X) = X ■ df{Y), 

or 

X ■ df{Y) - NX ■ df{Y)R = dN{X)df{Y)R + Ndf{Y)dR{X) 

= -dN{X) * df{Y) + *df{Y)dR{X). 

Proposition 8. The mean curvature vector = | trace // is given by 

ndf = ^{*dR + RdR) , dfn = -^{*dN + NdN) . (7.3) 



□ 
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Proof. By definition of the trace, 

midfl"^ = *dfdR -dN*df -df*dR + *dNdf (7.4) 
= -df{*dR + RdR) + {*dN + NdN)df, (7.5) 

but 

{*dN + NdN)df = *dNdf -dN*df = -dN A df = -d{Ndf) 
= -df AdR = -df{*dR + RdR). 

If follows that 

2n\df\'^ = -df{*dR + RdR), 

and 

2Hdfdf = -{-*dR + dRR)df = {*dR + RdR)df- 
Similarly for N. □ 

Proposition 9. Let K denote the Gaussian curvature of{M,f* < .,. >m) and 
let K-^ denote the normal curvature of f defined by 

:=< R^{X, JX)^,N^ >M, 

where X e TpM, and ^ E-Lp M are unit vectors. Then 

K\df\'^ = -(< *dR, RdR > + < *dN, NdN >) (7.6) 

K^\dff = ^(< *dR, RdR > - < *dN, NdN >) (7.7) 

Proof. 

K\df\\X) =< II{X,X),II{JX, JX) > -\II{X, JX)\^. 

Therefore 
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4:K\df\^ = < *dfdR -dN* df, -df *dR + *dNdf > 

- <*df*dR- *dN * df, -dfdR + dNdf > 
= < N{dfdR + dNdf), -df *dR + *dNdf > 

- < N{df *dR + *dNdf), -dfdR + dNdf > 
=- < dfdR + dNdf, N{-df *dR + *dNdf) > 

<df*dR + *dNdf, N{-dfdR + dNdf) > 
=- < dfdR + dNdf, dfR*dR + N* dNdf > 

+ <df*dR + *dNdf, dfRdR + NdNdf > 
=- < dfdR, dfR*dR> - < dfdR, N * dNdf > 

- < dNdf, dfR*dR> - < dNdf, N * dNdf > 
+ <df* dR, dfRdR > + < df * dR, NdNdf > 
+ < *dNdf, dfRdR > + < *dNdf, NdNdf > 

= - \df\^ <dR,R*dR> - < dfdR, N * dNdf > 
+ < dNdf, Ndf *dR> -\df\^ < dN,N *dN > 
+ \df\'^ < *dR, RdR > + <df*dR, NdNdf > 

- < *dNdf, NdfdR > +\df\'^ < *dN, NdN > 
= - \dfW< dR, R * dR > + < dN, N * dN > 

- < *dR, RdR > - < *dN, NdN >) 

= - 2\dfW< dR,R*dR> + < dN,N * dN >). 

This proves the formula for K. Using (|7.1| ) and the Ricci equation 

=< n{X, JX), II{X, X) - II{JX, JX) >, 

we find, after a similar computation, 

AK^\df\'^ =< *dR - RdR, RdR > - < *dN - NdN, NdN > 

+ < df{*dR - RdR), NdNdf > - < {*dN - NdN)df, dfRdR 

On this we use { \l.5\ ) to obtain (|7.7]). 

As a corollary we have 

Proposition 10. The pull-back of the 2-sphere area under R is given by 

R*dA =< *dR, RdR > . 



Integrating this for compact M yields 

_i_ r ... ,„,o 1 



[ K\df\^ = l{degR + degN). 



In 3-space (R = N) this is a version of the Gauss-Bonnet theorem. 
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Proposition 11. We obtain 

i\n\'' - K - K^)\df\^ = ^\*dR-RdR\^ 

In particular, if f : M — ^ ImH = M'^ then K-^ = 0, and the classical Willmore 
integrand is given by 

{\nf - K)\dff = ^\*dR- RdR\'^. (7.8) 
Proof. Equations Q give 

{\n\^ - K ~ K^)\df\'^ = ^\*dR + RdR\^- < *dR,RdR> 

h * dR\^ + ]\RdR\^ -l< *dR, RdR > 



4' '4' '2 
1 

4 



^UdR-RdR?. 



□ 



7.2 The Mean Curvature Sphere in Affine Coordinates 



We now discuss the characteristic properties of 5* in affine coordinates. We de- 



scribe S relative to the frame ( i I , I 'f 1 , i.e. we write S = GMG ^, where 



G 



1 / 
1 



First, SL C L is equivalent to : ^ having the following matrix repre- 
sentation: 

where N,R,H : M ^M. From = -I 

= -1 = R^, RH = HN. (7.10) 

The choice of symbols is deliberate: and R turn out to be the left and right 
normal vectors of /, while H is closely related to its mean curvature vector Ti. 
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The bundle L has the nowhere vanishing section {^^^ ^ ^(L). Using this section, 
we compute 

SS (f) = rf(S ({)) = (-R)) = + (() (-<ifl)) = . (-''^^) 

. (() ^ .((7) + (() i^H,})) - . (7 

Therefore *5 = 55 = 55* is equivalent to 

^df = Ndf = -dfR, 
and we have identified N and R. 

For the computation of the Hopf fields, we need dS. This is a straight-forward but 
lengthy computation, somewhat simplified by the fact that GdG = dG = G^^dG. 
We skip the details and give the result: 

f-dfH + dN -dfR - Ndf\ 
"^^-^y ^dH ~dR + Hdf )^ ' 

/ -NdfH + NdN \ 1 

\HdfH + RdH - HdN HdfR + RdR J ' 

From this we obtain 

4Q = SdS - *dS 

_ f NdN - *dN \ 1 

\*dH + HdfH + RdH - HdN 2HdfR + RdR + *dR) 

4A = SdS + *dS 

^ f NdN + *dN - 2NdfH \ 



*dH + HdfH + RdH - HdN RdR - *dR^ 

The condition Q\l = 0, and the corresponding AH C L, which we have not used 
so far, have the following equivalents: 

2Hdf = dR- R*dR, (7.11) 
2dfH = dN - N *dN. (7.12) 

Together with equations ( |7.3|) we find 

2Hdf = dR- R*dR= ~R{*dR + RdR) = -2RHdf, 

2dfH = dN-N*dN = -N{*dN + NdN) = 2Ndfn = -2dfRn, 

and therefore 

H = -UN = -RH. (7.13) 
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Remark 7. Given an immersed holomorphic curve L 



the mean curvature 
land, Sx is the mean 



vector of / at a; G M is determined by 5^.. On the other 
curvature sphere of Sx-, see Example |TB[ Therefore Sx and / have, in fact, the 
same mean curvature vector at x, justifying the name mean curvature sphere. 



Equations ( |7.12| ) simphfy the coordinate expressions for the Hopf fields, 

which we now write as follows 



Proposition 12. 



where G 



1 / 



^*Q = G\ _2dH + w o)^ ' 



, andw = dH + H* dfH + R*dH-H*dN. 



(7.14) 
(7.15) 



.0 1 

Using (|7.12|) we can rewrite 

w = dH + R*dH + ^H{NdN - *dN). 

Proof. We only have to consider the reformulation of w. But 

H * dfH -H*dN =^H * {dN - N * dN) - H * dN 

= --H*{dN + N*dN) = -H{NdN - *dN). 
2 2 



□ 



7.3 The Willmore Condition in Affine Coordinates 



We use the notations of the previous Proposition |T^, and in addition abbreviate 

V = dR + R* dR. 

Note that 

V = -dR + *dRR = -dR -R*dR=-v. 



Proposition 13. The Willmore integrand is given by 

<AA*A> = —\RdR - *dR\^ = -(\n\^ -K- K^)\df?. 
For f : M ^ M.^, this is the classical integrand 

<AA*A>= h\n\ 

4^1 



K)\df\'. 
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Proof. 

< AA*A> = ^ traceK(-v4^ - {*Af) = tiaceMiA'^) 
8 4 

= ~4Re(\vf = —\v\^ = —\dR + R*dR\^ = —\RdR-*dR\^. 
4 4 16 16 16 

Now see Proposition |ll| and, for the second equality, ( |7.8|) . □ 

We now express the Euler-Lagrange equation d * A = for Willmore surfaces in 
affine coordinates. If we write A* A = GMG^^, then 

Ad*A = G{G-^dG AM + dM + M A G'^dG)G-\ 

and again using G^^dG = dG we easily find 

Ad*A = G('^f^'' , ^^^^ ,.]g-\ 



dw dv + w A df 

Most entries of this matrix vanish: 
Proposition 14. We have 



df Aw = (7.16) 
df Av = (7.17) 
dv + w Adf = -{2dH -w) Adf = 0. (7.18) 



Proof. We have 



df Aw = df AdH + df AR*dH + ^df A H{NdN - *dN) 

= df AdH + dfR A *dH + ^dfH A {NdN - *dN) 

= df AdH- *df A *dH+-dfH A {NdN - *dN), 
V ^ 2 

=0 



but 



*dfH = df{-R)H = -dfHN 
*{NdN - *dN) = {N*dN- N^dN) = -N{NdN - *dN). 

Hence, by type, the second term vanishes as well, and we get ( [7.161 ). 
A similar, but simpler, computation shows (|7.17|) 
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Next, using ( [7.11| ), we consider 

dv + wAdf = d{dR + R* dR) + w A df 
= d{-2Hdf) +wAdf 
= {-2dH + w)Adf 



{ -dH + R*dH + -H{NdN - *dN)) A df. 



Again we show *a = aN, *(3 = (3N . Then (|7.18|) will follow by type. 
Clearly 

*{NdN - *dN) = N*dN + NdNN = {NdN - *dN)N, 

showing *i3 = (3N . Further 

*a-aN = -*dH ~ RdH + dHN - R{*dH)N 

= -*dH - d{RH) + {dR)H + d{HN) - HdN -R* {d{HN) - HdN) 

=RH =RH 

= +R^ *dH+ {dR)H - HdN - R* {{dR)H + RdH - HdN) 
= {dR)H - HdN -R* {dR)H + RH * dN) 
= {dR-R* dR)H - H{dN - N * dN) 
= 2HdfH - H{2dfH) 
= 0. 

□ 

As a corollary we get: 
Proposition 15. 

d*A=^G(,^ nV-'=f"f'' 

4 \dw J y dw dwf 

with w = dH + R*dH + \H{NdN - *dN) . 
Therefore f is Willmore if and only if dw = 0. 

Example 19 (Willmore Cylinder). Let 7 : M — >^ ImH be a unit-speed curve, 
and / : — s> H the cylinder defined by 

f{s,t) = j{s)+t 

with the conformal structure = ^. Then using Proposition we obtain, 
after some computation, that / is (non-compact) Willmore, if and only if 

This is exactly the condition that 7 be a free elastic curve. 
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8 Twistor Projections 
8.1 Twistor Projections 

Let E G H :— M X — M X he a complex (not a quaternionic) line 
subbundle over a Riemann surface M with complex structure Je induced from 
right multiplication by i on H^. 
We define Se G n\Rom{E , H / E)) by 

5E(j) -^T^Edcj), (j)er{E), 

where tte : — > H/E is the projection. 

Definition. E is called a holomorphic curve in CP^, if 

*5e — SeJe- 

This is equivalent to the fact that the holomorphic structure 

d"iP^l{diP + i*diP) (8.1) 

of H maps r(i?) into itself, and hence induces a holomorphic structure on the 
complex line bundle E. 

A complex line bundle E (Z H induces a quaternionic line bundle 

L = EM = E ® Ej C H. 

The complex structure Je admits a unique extension to the structure of a com- 
plex quaternionic bundle (L, J), namely right-multiplication by (— i) on Ej. Con- 
versely, a complex quaternionic line bundle {L, J) C H induces a complex line 
bundle 

Definition. We call (L, J) the twistor projection of E, and E the twistor lift of 
(L,J). 

Remark 8. As in the quaternionic case, any map f : M ^ CP^ induces a 
complex line bundle E, where the fibre over p is f{p), and vice versa. Holomorphic 
curves as defined above correspond to holomorphic curves in the sense of complex 
analysis. The correspondence between E and (L, J) is mediated by the Penrose 
twistor projection CP^ M.P^. 

Theorem 4. Let E C H be a a complex line subbundle over a Riemann surface 
M, and (L, J) its twistor projection. 
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(i) Then (L,J) is a holomorphic curve, i.e. 

*Sl = hJ, (8.2) 

if and only if 

-{Se + *SeJe) e Q\liom{E,L/E)) C Q\llom{E , H / E)) . 
In this case we have a differential operator 

b:T{L) -^n\L),il;^ Dip := hdip + *d{Jip)) 
Its (1, 0)-part is given by 



:= + j£)J) e r(XEnd_(L)). (8.3) 



(a) If {L, J) is a holomorphic curve then 

1 



^{Se + *SeJe) = t^e^lIe- 



Moreover, 

1 



2 {Se + *5eJe) = <^ Al - 0. 

In other words: The twistor projections of holomorphic curves in CP^ are 
exactly the holomorphic curves in MP^ with — 0. 

(Hi) Let L be an immersed holomorphic curve with mean curvature sphere con- 
gruence S e r(End_(iJ)), and J = S\l. Then 

A = ^{SdS + *dS) e r(XEnd_(//)) 

satisfies 



Proof, (i). If (L, J) is a holomorphic curve then, for any ip e r(L), 

1 



But then 



^TTLidlP + *d{Jllj)) = 0. 



hdip + *d{Jip)) e Q\L) 

Zi 
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a fortiori for all ip = (f) & r(£'). It follows 

^TTEid(l)+*diJE(f))) en\L/E). 

Conversely, \TTE{d(f) + *d{JE<j))) G Q'^{L/E) for G T{E) implies 

^{d(l) + *d{JE(p))en\L), 

and therefore 

*Sl\e = SlJ\e- 

Again for (j) eT{E) 

kd{<Pj) + *rf(J0j)) = + *d{J<P)j)) = hd<P + *d{JE<P))j G fii(L). 

6ni(L) 

This shows 

*5l = 5lJ. 

By the preceding, D maps into fi^(L). Its (l,0)-part is 
but for ip eT{L) 

1 



This proves ( ^.3|) . 

(ii). For ip G r(L) we have 

Al^j = ^{dij + *d{Ji)) + J{dJi) - *dij)) (8.4) 

But for G r(i?) we have J{dJ(f) — *d(f)) = J{d(f) + *d(j)i)i, and hence 

Al^ = + *d{J(P)) + J{d(p + *c/(J0))z). 

By assumption \{d(j) + *d{J(f))) has values in L = © and Aicf) is its -E'j- 
component, namely the component in the (— 'i)-eigenspace of J\l. In particular, 

71eAl4) = iTE^{d(f) + *d{J(f))) = ^{6e + *SeJ)(P, 
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and TTEiALCp) = if and only if Aicp = 0. Since Al\e determines Al by linearity, 
iTiEidij + *d{^i)) = ^ Al = 0. 
(iii). For ^ eT{L) 

A^ = ^{SdS + *dS)^ 

= ^{S{d{StP) - SdtP) + *d{Si;) - *Sd^) 
= ^{S{d{Sij) - *dij) + *d{Sij) + dij). 
Comparison with ( ^.41) shows A\l = A^. □ 

8.2 Super- Conformal Immersions. 

Given a surface conformally immersed into M^, the image of a tangential circle 
under the quadratic second fundamental form is (a double cover of) an ellipse in 
the normal space, centered at the mean curvature vector, the so-called curvature 
ellipse. The surface is called super- conformal if this ellipse is a circle. 
If and R are the left and right normal vector of /, then according to Proposi- 
tion we have 

JJ(X,F) = ]^{*df{Y)dR{X) - dN{X) * df{Y)), 

and therefore 

//(cos ex + sin ejX, cos OX + sin OJX) 

= ^{*df {cos 9X + smeJX)dR{coseX + sm6JX) 

- dN{coseX + sinejX) * df {cosOX + sin^JX)) 
= ]^{df{cosdJX - smeX)dR{cos9X + smOJX) 

- dN{coseX + sine J X)df {cos eJX - smOX)) 
=^{cos^ 9{df{JX)dR{X) - dN{X)df{JX)) 

- sin^ 9{df{X)dR{JX) - dN{JX)df{X)) 
+ cose sin e{df {J X)dR{JX) - df{X)dR{X) 
+ dN{X)df{X) - dN{JX)df{JX)). 
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Using cos^ 6* = i(l + cos 2^), sin^ 6 = ^{1 - cos 26) we get 

//(cos ex + sin ejX, cos OX + sin OJX) 

=-{*df{X)dR{X) - dN{X) * df{X) + *df {J X)dR{J X) - dN{JX) * df{JX)) 
4 ^ , ' ^ ' 

=2II{X,X) =2II{JX,JX) 

+ ^ COS 29{df{JX)dR{X) - dN{X)df{JX) + df{X)dR{JX) - dN{JX)df{X)) 

+ ^ sm2e{df{JX)dR{JX) - df{X)dR{X) + dN{X)df{X) - dN{JX)df{JX)) 
=n\df{X)\' 

+ ] cos 29 (df{X){*dR{X) - RdR{X)) - {*dN{X) - NdN{X))df{X)) 

4 ^ V ' V ' 

=.a =:b 

+ ^sm2eN{a + b). 

This is a circle if and only if a — 6 and N{a + b) are orthogonal and have same 
length. This is clearly the case if a = or 6 = 0, but these are in fact the only 
possibilities. Assume that there exists P G H, = — 1 with 

N{a + b) = P{a-b), (8.5) 

and note that 

Na = aR, Nb = bR. 

We multiply ( |8.5|) by from the left or by R from the right to obtain 

-(a + b) = NP{a-b), -{a + b) = PN{a - b) 

respectively. Therefore (PA^ — NP){a — b) = 0, which implies P = ±A^, and 
hence a = or 6 = 0, or a — 6 = 0. But then also a + b = 0, whence a = b = 0. 
It follows that the immersion is super-conformal if and only if 

*dR{X) - RdR{X) = 0, or * dN{X) - NdN{X) = 0. 

By the preceding argument, this holds for a particular choice of X, but then it 
obviously follows for all X. 

We mention that / ^ / exchanges A^ and R, hence / is super-conformal, if and 
only if *dR — RdR = for / or for /. In view of proposition |T2|, this is equivalent 
to A\l = 0, and by Theorem ^ we obtain: 

Theorem 5. A conformally immersed Riemann surface f : M ^ M. = is 



super-conformal if and only if 



M ^ epi or 



twistor projection of a holomorphic curve in CP^. 



M epi IS the 



52 



9 Backlund Transforms of Willmore Surfaces 



In this section we shall describe a method to construct new Willmore surfaces 
from a given one. The construction depends on the choice of a point oo, and 
therefore generously offers a 4-parameter family of such transformations. On the 
other hand, the necessary computations are not invariant, and therefore ought to 
be done in affine coordinates. 

The transformation theory is essentially local: This fact will be hidden in the 
assumption that the transforms are again immersions. We shall also ignore period 
problems. 



9.1 Backlund Transforms 

Let / : M — > HI be a Willmore surface with N, R, H, and 

w = dH + H* dfH + R*dH - H *dN. 

Then 



dw = 0, 

and hence we can integrate it. Assume that : M — EI is an immersion with 

dg = ^w. (9.1) 

(Note that the integral of w/2 may have periods, so in general g is defined only on a 
covering of M. We ignore this problem.) 

We want to show that g is again a Willmore surface called a Backlund transform 
of /. Using this name, we refer to the fact that in a given category of surfaces we 
construct new examples from old ones by solving an ODE ( |9.1| ), similar to the 
classical Backlund transforms of K-surfaces, see Tenenblat 

We denote the symbols associated to 5^ by a subscript (.)g, and want to prove 
dwg = 0. The computation of Wg can be done under the weaker assumption 



which holds in the case above, see Proposition p. 
Proposition 16. Let f,g:M^M be immersions such that 

df Adg = 0. (9.2) 

Then f and g induce the same conformal structure on M, and 

Ng = -R, (9.3) 
dg{2dHg - Wg) = -wdf. (9.4) 
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Proof. Define * using the conformal structure induced by /. Then 

= df A dg = df * dg — df{—R)dg, 

which imphes *dg = —Rdg. Hence g is conformal, too, and Ng = —R. 
For the next computations recall the equations (|7.1CI|) , and ( [7.11| ), (|7.12|) : 

HN = NR, 

2dfH = dN - N *dN, 2Hdf = dR-R*dR, 
w = dH + H* dfH + R*dH - H *dN. 

Then 

Rw =RdH + RH* dfH - *dH - RH * dN 
=RdH + HN* dfH - *dH -HN*dN 
=RdH - HdfH - ^dH - H{N * dN - dN) - HdN 
=RdH - HdN + HdfH - *dH. (9.5) 

With dRH + RdH = dHN + HdN this becomes 

Rw = dHN - *dH - dRH + HdfH. (9.6) 



Next 



Therefore 



2dgHg = dNg -Ng* dNg = -dR -R*dR. 



1 1 

-dg A dHg = -d{-dR - R*dR) = -d{dR - R*dR) = -dH A df, 

or 

dg{*dHg + RgdHg) = -{dHN - *dH)df. (9.7) 
We now use ( |9.5D and ( |9.7| ) to compute 

Ngdg{2dHg - Wg) 

= - dgRg{2dHg - Wg) 

=dg{-2RgdHg + RgdHg - HgdNg + HgdgHg - *dHg) 
= - dg{RgdHg + *dHg) + dgHg{dgHg - dNg) 
={dHN - *dH)df + dgHgidgHg - dNg) 

= {dHN - *dH)df + ^{dNg - Ng * dNg){{dNg - Ng * dNg) - 2dNg) 
={dHN - *dH)df -^{dR + R* dR){dR -R* dR). 
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Similarly, using (|9.6|), 

—Ngwdf = Rwdf 

= {dHN - *dH)df - {dR - Hdf)Hdf 

= {dHN - *dH)df - ^{2dR - dR + R* dR){dR- R* dR) 
= {dHN - *dH)df -]{dR + R* dR){dR -R*dR). 



Comparison yields (|9.4|) . □ 
If / is Willmore, and g is defined by (pTT|), then 

dg{2df + 2dHg - Wg) = 2dgdf + dg{2dHg - Wg) = {2dg - w)df = 0. 

Hence 



g 



2d{f + Hg), (9.8) 



and g is Willmore, too. 

Now assume that h := g — H is again an immersion. Then, by Proposition 14, 
2dh Adf = {2dg - 2dH) A df = {w - 2dH) Adf = 0. 

Proposition applied to {h, f) instead of (/, g) then says 

-Whdh = df{2dH - w) = df{2dH - 2dg) = -2dfdh. 

We find Wh = 2df, whence h is again a Willmore surface. We call g a forward, 
and h a backward Bdcklund transform oi f. h can be obtained without reference 
to g by integrating d{g — H) = — dH. 

Note that / is a forward Backlund transform of h because df = ^Wh, and is also 
a backward transform of g because df = ^Wg — dHg, see (|9.8|). 
The concept of Backlund transformations depends on the choice of affine coordi- 
nates. The following theorem clarifies this situation. 

Theorem 6. Let L be a Willmore surface in MP-^ . Choose non-zero j3 G (tf)*, a G 
such that < /5, a >= 0. Then 

d < /3, *Aa >= = d < /3, *Qa > . 

If g,h : M ^ M. G HP^ are immersions that satisfy 

dg = 2 < P, *Aa >, dh = 2 < P, *Qa >, 

they are again Willmore surfaces, called forward respectively backward Backlund 
transforms of L. The free choice of (3 implies that there is a whole of such 
pairs of Bdcklund transforms. (Different choices of a result in Moebius transforms 
g —* gX, or h ^ hX, for a constant X.) 
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Proof. Choose b G H^, a G (H^)* such that a, b and a, j3 are dual bases. Then 
2 < /3, *Aa >= ^w, 2 < P, *Qa >= - dH, 

see Proposition |T^. □ 

We can now proceed from g with another forward Backlund transform. To do 
so, we must integrate ^Wg = d{f + Hg). But, up to a translational constant, this 
yields 

f:=f + Hg. (9.9) 

We now observe 
Lemma 10. 

7^ 



G ker A. 



Proof. Note that ker A = ker *A. By Proposition |T2| we have 

\ fHg 




w dR + R* dRj \ 1 


wHg + dR + R*dR 



= -dNg+Ng*dNg 



2dgHg - 2dgHg 



0. 



□ 



Similarly the twofold backward Backlund transform / satisfies 

EI D image Q. 

But this means that away from the zeros of A or Q the 2-step Backlund transforms 
of a Willmore surface L in MP^ can be described simply as L = ker A or L = 
image Q. In particular there are no periods arising. 
We obtain a chain of Backlund transforms 

... ^ f ^ h ^ f ^ g ^ J ^ ■■■ 



Of course, the chain may break down if we arrive at non-immersed surfaces, or it 
may close up. 
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9.2 Two-Step Backlund Transforms 

Let LGH = MxEPhea Willmore surface, and assume A ^ on each 
component of M. We want to describe directly the two-step Backlund transform 
L L, and compute its associated quantities (mean curvature sphere, Hopf 
fields). 

We state a fact about singularities that will be proved in the appendix, see 
Section [l^. 

Proposition 17. Let L be a Willmore surface in MP'^, and A ^ on each 
component of M. Then there exists a unique line bundle L G H such that on an 
open dense subset of M we have: 

L = ker A, and H = L®L. 

A similar assertion holds for image Q- 

We shall assume that L is immersed, and want to prove again that L is Willmore. 
Theorem 7. For the 2-step Backlund transform L of L we have 

Q = A. (9.10) 

Hence L is again a Willmore surface. 

Let S, 6, Q, etc. denote the operators associated with L. 

Lemma 11. 

*6 = ~S~6. 

Proof. Since A\i = we interpret A G fi^(Hom(if/L, if)). O n a dense open 
subset of M then A{X) : H/L H is injective for any X 7^ 0. 
For (f) e r(L) we get 

=d{*A)(f) = d{*A(f)) + *A Ad(f) = *A* d(j) + Adcj) 
=0 

= - AS*~5(t) + A5(t) = -AS{*~5 + S5)0. 

The injectivity of A then proves the lemma. □ 

Proof of the theorem. Motivated by the lemma, we relate S to —S rather than 
to S. We put 

S=: -S + B. 
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Then 

4Q = SdS - *dS 

= BdS - {SdS + *dS) 

= BdS - {SdB + *dB) + {SdS + *dS) 

= AA + BdS - {SdB + *dB). 

The proof will be completed with the following lemma which shows that Q - like 
A - has values in L, while the "B-terms" take values in L. □ 

Lemma 12. We have 

images cZ, (9.11) 

image(*rfS + SdB) C L, (9.12) 

LckerB, (9.13) 

imageQcL. (9.14) 

Proof. Recall that L is S'-stable. It is of course also S-stable, and therefore 

BL C L. (9.15) 



Now L is immersive, and therefore imaged = H/ L. Thus (|9.11| ) will follow if we 
can show nBd(f) = for G r(L). But, using Lemma |ll], 

TiBdcj) = TxSdcf) + TrSdcj) = STidcp + STidcf) = S6(p + S6(f) 
= — * Sep + *5(j) = 0. 

Next, for x ^ r(i7) we have 

^*dB + SdB)x = ^{*d{Bx) + Sd{Bx) - B * dx - SBdx) 

L— valued 

= {*6 + S6)Bx 

= 0. (Lemma [Tl|) 



This proves ( |9.12 



On the other hand, for ^{j G r(L), 

n{*dB - SdB)i) = n {*dS - SdS)^lj +n{*dS - SdS)^{j 



n {*dS + SdS)ip^ -n {BdS)^ 
=4AVer(L) Gr(L) 



0. 
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Together with the previous equation we obtain TTdB\L = 0, and, for ip G r(L), 
SBip = ^{d{Bi>)) = ^{{dB)i> - Bdi)) = ndBip = 0. 



But L is an immersion, and therefore Bip = 0, proving ( |9.13D . 
Finally, for ^ eT{L), 

4gv = SdSip - *dStp 

= SdSip - dip + S * dip - {-dip + S *d'ip + *dS'ip) 
= S{dStp + Sdtp + *dtp) - *{*dtp + Sdip + dSip) 
= {S -*){d{S^) +*dtp) 
= -{S - *){d{Stp) - *dtp) using j^J^. 



But 7T{d{Sip)-*dip) = {6S-*6)ip = 0. So d{Stp)-*dip e T{L), and this is stable 
under S = B — S. Therefore QL C L. Since QL = 0, this proves (|9.14|) . □ 



Taking the two-step backward transform of L, we get image Q = imaged = L. 

Hence L = L. We remark that the results of this section similarly apply to the 
backward two-step Backlund transformation L — > L = image Q. As a corollary 
of ( |9.10|) and its analog A = Q we obtain 

Theorem 8. 

L = L = L. 



10 Willmore Surfaces in 

Let < ., . > be an indefinite hermitian inner product on ff. To be specific, we 
choose 

< v,w >:= V1W2 + V2W1. 

Then the set of isotropic lines < 1,1 >= defines an C MP^, while the 
complementary 4-discs are hyperbolic 4-spaces, see Example p. We have 



a b\ I d h 

c d 



(10.1) 



and the same holds for matrix representations with respect to a basis (f , w) such 
that 

< v,v >= =< w,w >, <v,w >= 1. 
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10.1 Surfaces in S^. 



Let L be an isotropic line bundle with mean curvature sphere 5*. We look at the 
adjoint map M ^ Z,p S* with respect to < ., . >. Clearly S* stabilizes L-*-, 
and L = L-^ implies 

S*L = S*L^ = L^ = L. 

Similarly, 

{dS*)L = {dS)*L^ CL^ = L. 
Moreover, if belongs to S*, then 

Qt = l^s*dS* -*dS*) 

= ^{dss-*dsy 
= ~{sds + *dsy 

= -A*. 

Therefore kerQ'^ = (image((5^)*)"'" = (image A)-*- D L-*- = L. 

By the uniqueness of the mean curvature sphere, see Theorem |^, it follows that 

S* = S. Conversely, if S* = S and Sip = ipX, then 

x<i),i) >=< Sip, ip >=< ip, Sip >=< ip,ip > X = X < ip,ip > . 

Now S'^ = —I implies = —1, and therefore we get < ip,ip >= 0. 

Proposition 18. An immersed holomorphic curve L in M.P^ is isotropic, i.e. a 
surface in S^, if and only if S = S* . 



10.2 Hyperbolic 2-Planes 

In the half-space or Poincare model of the hyperbolic space, geodesies are eu- 
clidean circles that orthogonally intersect the boundary. We consider the models 
of hyperbolic 4-space in HP^, and want to identify their totally geodesic hy- 
perbolic 2-planes, i.e. those 2-spheres in HP^ that orthogonally intersect the 
separating isotropic 5*^. Using the affine coordinates, from Example ^, we con- 
sider the reflexion M. M.,x ^ —x at ImH = S^. This preserves either of the 



metrics given in the examples of Section |3.2| . In particular, it induces an isome- 
try of the standard Riemannian metric of HP^ which fixes 5*^. Given a 2-sphere 
S G End(]HI^), 5^ = — J, that intersects 5*^ in a point /, we use affine coordinates, 
as in Example ^, with / = vM and w such that 

< v,v >=< w,w >= 0,< v,w >= 1. 
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Then 

with = = -1, HN = RH, and 5' C H is the locus of 

Nx + xR = H. 

If S' is invariant under the reflexion at 5^, then it also is the locus of —Nx — xR 
H or 

Rx + xN = H. 



According to Section the triple {H, N, R) is unique up to sign. This implies 
either 

{H, N, R) = {H, R, N) or {H, N, R) = {-H, -R, -N). 

By ( |10.1| ) either S* = S, and the 2-sphere lies within the 3-sphere, or it intersects 
orthogonally, and S* = —S. We summarize: 

Proposition 19. A 2-sphere S E Z intersects the hyperbolic 4-spaces determined 
by an indefinite inner product in hyperbolic 2-planes if and only if S* = —S. 



10.3 Willmore Surfaces in and Minimal Surfaces in Hy- 
perbolic 4-Space 

Let L be a connected Willmore surface in 5''^ C HP^, where is the isotropic set 
of an indefinite hermitian form on H^. Then its mean curvature sphere satisfies 

S* = S. 

Let us assume that A ^ 0, and let L = kei A and L = image Q be the 2-step 
Backlund transforms of L. 

Lemma 13. 

L = L. 

Proof. First we have 

Q* = ^(SdS - *dSy = ^{dSS - *dS) 

= ^{-SdS-*dS) = -A. (10.2) 

Now L = image Q is ^-stable, and S* = S and Sep = 0A imply < <f),4> >= 0. 
Therefore < L,L >= 0, and on a dense open subset of M 

L = = (image Q)^ = kerQ* = kerA = L. 

□ 
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Lemma 14. 



S=-S 



for the mean curvature sphere S of L. 

Proof. First L = L is obviously (— S')-stable. It is trivially invariant under A and 
Q and, therefore, under d{—S) = 2{*A — *Q). Finally, the Q of {—S) is 

h[-S)d{-S) - *d{-S)) = A, 



and this vanishes on L. The unique characterization of the mean curvature sphere 
by these three properties implies S = —S. □ 

We now turn to the 1-step Backlund transform of L. If dF = 2 * A, then 



d{F + F*) =2* A + 2* A* 



(10.2) 



2*A-2*Q = ~dS. 



Because S* = S, we can choose suitable initial conditions for F such that 

F + F* = ~S. (10.3) 



We now use affine coordinates with L = 
a Backlund transform of /, and ( [7.9[ ) and ( 



. Then the lower left entry g of F is 
TOP imply 



9 + g = H. 

We want to compute the mean curvature sphere Sg. From the properties of 
Backlund transforms we know 



-R, Hg = f - f, 



(10.4) 



see (PTSl 



1 / 
1 



Likewise, 



-A^ 

H R 

1 / 

1 

1 / 
1 



-Rg. From Lemma |1J we obtain 



1 -/ 

1 

1 Hr 



1 / 

1 


-H -R 



N 
-H 

1 




-R 



-f 



1 


1 

1 



N-HgH *\ (1 -f 
-H * lo 1 



This implies H = —H and —N = N — HgH, whence 



-Rg=N 



-N + if- f)H. 
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In particular / — / G ImH, since if = on an open set would mean w = on 
that set. It follows that 



1 g\f -R -9 

V V/-/ -N + {f-f)Hj yo 1 



and, because R = N and H e R ioi f : M ^ ImM = R^, 




We have now shown that the mean curvature spheres of g intersect orthogo- 
nally, and therefore are hyperbolic planes. We know that, using affine coordinates 
and a Euclidean metric, the mean curvature spheres are tangent to g and have 
the same mean curvature vector as g. This property remains under conformal 
changes of the ambient metric. Therefore, in the hyperbolic metric, g has mean 
curvature 0, and hence is minimal, li A = 0, then w = 0, and the "Backlund 
transform" is constant, which may be considered as a degenerate minimal sur- 
face. In general g will be singular in the (isolated) zeros of dg = |w, but minimal 
elsewhere. 

We show the converse: Let L be an immersed holomorphic curve, minimal in 
hyperbolic 4-space, i.e. with S* = —S. Then 

A* = ^{SdS + *dSy = ^{dSS - *dS) = -^iSdS + *dS) = -A, 
and therefore also 

{d*Ay = -d*A. 

From Proposition ITB| we have 



d* A 

Therefore 



-fdw —fdwf 
dw dwf 



dw = —dw, fdw = dwf, 
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and hence 



dw{f + f) = 0. 

But / is not in S^, and therefore dw=0, i.e L is Willmore. Similarly, Proposi- 
tion yields 




and A* = —A implies w = —w. From S* = —S we know H = —H, and the 
backward Backlund transform h with dh = \ — dH and suitable initial conditions 
is in ImH = M^. 
To summarize 

Theorem 9 (Richter J^). Let < .,. > be an indefinite hermitian product on 
H^. Then the isotropic lines form an C MP^, while the two complemen- 
tary discs inherit complete hyperbolic metrics. Let L be a Willmore surface in 
C M.P^. Then a suitable forward Backlund transform of L is hyperbolic mini- 
mal. Conversely, an immersed holomorphic curve that is hyperbolic minimal is 
Willmore, and a suitable backward Backlund transformation is a Willmore surface 
in S^. (In both cases the Backlund transforms may have singularities.) 

11 Spherical Willmore Surfaces in MP^ 

In this section we sketch a proof of the following theorem of Montiel, which 
generalizes an earlier result of Bryant for Willmore spheres in S^. 

Theorem 10 (Montiel A M^z//more sphere inMP^ is a twistor projection 

of a holomorphic or anti-holomorphic curve in CP^, or, in suitable affine coor- 
dinates, corresponds to a minimal surface in R^. 

The material differs from what we have treated so far: The theorem is global, 
and therefore requires global methods of proof. These are imported from complex 
function theory. 

11.1 Complex Line Bundles: Degree and Holomorphicity 

Let E he a, complex vector bundle. We keep the symbol J G End(i7) for the 
endomorphism given by multiplication with the imaginary unit i. 
We denote by E the bundle where J is replaced by — J. If < ., . > is a hermitian 
metric on E, then 

E^E* = E-\iP^< > 



64 



is an isomorphism of complex vector bundles. Also note that for complex line 
bundles Ei, the bundle Hom(£'i,£'2) is again a complex line bundle. 
There is a powerful integer invariant for complex line bundles E over a compact 
Riemann surface: the degree. It classifies these bundles up to isomorphism. Here 
are two equivalent definitions for the degree. 

• Choose a hermitian metric < ., . > and a compatible connection V on E. 
Then < R[X ,Y)%1) ^ >= for the curvature tensor R of V. Therefore 
R{X, Y) = -uj{X, Y)J with a real 2-form uj e Vt^^M). Define 



deg{E) 




• Choose a section e ^{E) with isolated zeros. Then 

deg(£^) := ord0 := indp0. 

<f>{p)=0 

The index of a zero p of is defined using a local non- vanishing section ip 
and a holomorphic parameter z for M with z(0) = p. Then 0(2;) = iIj{z)\[z) 
for some complex function A : C C — > C with isolated zero at 0, and 

where 7 is a small circle around 0. 
We state fundamental properties of the degree. We have 

deg(^) = deg E-'^ = - deg E, 
deg Hom(£'i, E2) — — deg Ei + deg E2. 

More generally, 

deg(£;i ® E2) = deg Ei + deg E2. 



Example 20. Let M be a compact Riemann surface of genus g, and E its tan- 
gent bundle, viewed as a complex line bundle. We compute its degree using the 
first definition. The curvature tensor of a surface with Riemannian metric < ., . > 
is given by R{X, Y) = K{< Y, . > X- < X,. > Y), where K is the Gaussian 
curvature. Let Z he a (local) unit vector field and < ., > compatible with J. 
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Then 

uj{X,Y) = -tTSiceuR{X,Y)J 

^^{<Y,JZ >< X,Z > - < X, JZ ><Y,Z> 

- <Y,Z ><X,JZ > ^ <X,Z ><Y, JZ >) 
= K{< Y,JZ >< X,Z > - < X, JZ >< Y, Z >) 

-^'^^\<Y,Z> <Y,JZ>)J 
= KdA(X, Y). 

We integrate this using Gauss- Bonnet, and find 27rx(M) = 2TT(2—2g) = 2TTdeg{E). 
For the canonical bundle 

K := E-^ = Hom(TM, C) = {a; e HomK(rM, C) | u;{JX) = iuj{X)} 

we therefore find 

deg(i^) = 25-2. 

Definition. Let £^ be a complex vector bundle. A holomorphic structure for E is 
a complex linear map a map d from the sections of E into the valued complex 
anti-linear 1-forms KE 

d : r{E) r{KE) 

satisfying 

d{Xijj) = (aV')A + V(9A). 

Here dX := |((iA + i* dX). (Local) sections t/j e r(£'|;7) are called holomorphic, 
if dtp — 0. We denote by H'^{E\u) the vector space of holomorphic sections over 
U. 

If is a complex line bundle with holomorphic structure, and ijj e H^(E)\{0}, 
then the zeros of ip are isolated and of positive index because holomorphic maps 
preserve orientation. In particular, if M is compact and deg£^ < 0, then any 
global holomorphic section in E vanishes identically. 

In the proof of the Montiel theorem we shall apply the concepts of degree and 
holomorphicity to several complex bundles obtained from quaternionic ones. We 
relate these concepts. 

Definition. If (L, J) is a complex quaternionic line bundle, then 

El-.^ {ip e LlJip ^ -00 

is a complex line bundle. We define 

degL := deg^^L. 
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Lemma 15. If Li,L2 are complex quaternionic line bundles, and Ei := El., 
then 

Hom+(Li,L2) —> Homc(-Ei,-E2) 
B ^ B\e, 

is an isomorphism of complex vector bundles. In particular 
degHom+(Li, L2) = - degLi + degL2. 
The proof is straiglitforward. We now discuss one example in detail. 
Example 21. We consider an immersed holomorphic curve 

LcH = M xM^ 

in MP^ with mean curvature sphere S. The bundle KEnd-{H) is a complex 
vector bundle, the complex structure being given by post-composition with S. 
For B E T{K End- (H)) we define 

{dxB){Y)^ = dx{B{Y)^) - B{dxY)^ - B{Y)dx^, 

where 

BxY ■.= ^{[X,Y] + J[JX,Y]), 
B^ = ^[d + S* d)tp, dtp = ^{d-S* d)tp for e T{H). 

Direct computation shows that this is in fact a holomorphic structure, namely 
that induced on 

KExid-{H) = K Hom+ {H,H)=K Home (H^H) 

by d on TM, and the above (quaternionic) holomorphic structures d on H and 
d on H. 

Lemma 16. 

{d * A){X, JX) = -2{dxA){X). 

Proof. Let X be a local holomorphic vector field, i.e. [X, JX] = 0, see Remark ^ 
and ip G E{H). Then 

{d * A){X, JX)ij = {-X ■ A{X) - (JX) ■ SA{X) - A{[X, JX])ij 

=0 

= -{d{A{X)^) + *d{SA{X)ij)){X) 

= :<t> 

+ A{X)d'4j{X) + SA{X) * dip{X) 
= -{d(f) + *d{S(j))){X) + A{X){dij -S* #)(X). 
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Now 



d(j) + *d{S(j)) 



Similarly 



dip — S * dip 



{d + d + A + Q)(P + *{d + d + A + Q)SiIj 
{d + 8 + A + Q)(f) + {Sd - Sd + SA - SQ)SiIj 
{d + d + A + Q)4>+{-d + d + A-Q)i: 
2{d + A)^ 

2d{A{X)ilj) + 2AA{X)ilj. 



{d + d + A + Q)ij - S * {d + B + A + Q)i: 
{d + d + A + Q)tlj- S{Sd -Sd + SA- SQ)ij 
{d + B + A + Q)ij - {-d + B - A + Q)ij 
2{d + A)ij. 



Therefore 



{d * A){X, JX)i) = -2dx{A{X)ij) + 2A{Xf'ilj + 2A{X)dxi^ + 2A{Xfij 
= -2{dx{A{X),lj) - A{X)dx^P) 
= -2{dxA){X)ij. 



□ 



Now assume that L is Willmore, and therefore d * A 
and A is holomorphic: 



0. This implies dA = 0, 



A E H\KEnd-{H)) = H\K}lom+{H, H)). 



As a consequence, see Lemma rs], either A = 0, or the zeros of A are isolated, 
and there exists a line bundle L G H such that L = ker A away from the zeros 
of A. For local ip G T{L) and holomorphic Y G H^{TM) we have 

BA {Y)i) = B{A{Y)ip) - A{Y)d'ilj. 



Therefore L is invariant under d, like L is invariant under B, see Remark ^. As 
above, we get a holomorphic structure on the complex line bundle K B.om^{H / L, L) 
and A defines a holomorphic section of this bundle: 

A G H^{K}lom+{H/L,L)). 
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11.2 Spherical Willmore Surfaces 

We turn to the 



Proof of Theorem \T^. li A = oi Q = 0, then L is a twistor projection by 
Theorem ^ 

Otherwise we have the hne bundle L, and similarly a line bundle L that coincides 
with the image of Q almost everywhere. 

Proposition 20. We have the following holomorphic sections of complex holo- 
morphic line bundles: 

A G H\KRom+{H/L,L)), Q G H\K Rom+ {H/L,L)), 
6l G H^{K}lom+{L,H/L)), AQ G H'^{K'^Rom+{H/L, L)) 

and zfAQ = then 6i G if°(fs:Hom+(L, H/L)) 

We proved the statement about A. We give the (similar) proofs of the others in 
the appendix. 

The degree formula then yields 

ord 6l = deg K — deg L + deg H/ L 
ord(AQ) = 2 deg - deg H/L + deg L 
= 3 degi^' — ord^L 
= 6{g - 1) - oTd6L. 

For M = S"^, i.e. g = 0, we get oid^AQ) < 0, whence AQ = 0. Then L = L, and 

ord A = deg K + deg H/ L + deg L 
ord Q = deg K — deg H/ L — deg L 
ord 6 1 = deg K + deg L — deg H/ L. 

Addition yields 

ord 6 1 + ord Q + ord A = 3 deg K — deg H/ L + deg L 

= 4degi^ — ord^L = — 8 — ord^^. 

It follows that OTd6i < 0, i.e. 6i = 0, and L is rf-stable, hence constant in 
H = M X m"^. From AS = -SA = we conclude SL = L. Therefore all 
mean curvature spheres of L pass through the fixed point L. Choosing affine 
coordinates with L = oo, all mean curvature spheres are affine planes, and L 
corresponds to a minimal surface in R'^. □ 
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12 Appendix 



12.1 The bundle L 

Lemma 17. If L is is an immersed holomorphic curve in MP^ with d * dS = 
then 

A\l = A = 0. 
Proof. = d*dS = 2d{A - Q) implies 

dA = ^d{A + Q)=QaQ + AaA, 

see Lemma H- Since Q\l = 0, the assumption A\i^ = implies dA\L = 0. Then 
for il^eT{L) 

= d{Atlj) = {dA)tlj - AAdtfj = -AAd^. 

Since A\l = 0, this implies 

= AA5 = A*6~*A5 = -2SAS. 

But L is an immersion. Therefore A\l = = A6 implies A = 0. The converse is 
obvious. □ 

Lemma 18. Given a holomorphic section T G H^{}lom{V, W)), where V, W are 
holomorphic complex vector bundles, there exist holomorphic subbundles 

VoCV,W CW 

such that Vq = kerT and W = image T away from a discrete subset. 

Proof. Let r := max{rankTp|p G M} and G := {p\ rank Tp = r}. This is 
an open subset of M. Let po be a boundary point of G, an let ipi, . . . ,ipn be 
holomorphic sections of V on a neighborhood U of po- By a change of indices 
we may assume that Tipi A ... A Ttpr ^0. But this is a holomorphic section of 
the holomorphic bundle A^'H^I;/, and hence has isolated zeros, because dime M = 
1. We assume that po is its only zero within U. Moreover, there exist k G 
N, a holomorphic coordinate z centered at po, and a holomorphic section a G 
H%A'W\u) such that 

Ttpi A . . . AT^r = z'^a. 

OfFpo the section a is decomposable, and since the Grassmannian GriW) is closed 
in A^{W), it defines a section of GriW), i.e. an r-dimensional subbundle of 
extending image T|[/\p(,. The statement about the kernel follows easily using the 
fact that kerT is the annihilator of image T* : W* —>■ V*. 

□ 
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Proposition 21. Let L be a (connected) Willmore surface in MP^, and A ^ 0. 
Then there exists a unique line bundle L G H such that on an open dense subset 
of M we have: 

Z = ker A and H = L®L. 

Proof. A G T{K End_(//)) is a holomorphic section by Example ^ By Lemma |18 
there exists a line bundle L such that L = kei A off a discrete set. Assume now 
that H\u 7^ L © L on an open non-empty set U C M. Then L = L, and A\l = 



on U. But then = by Lemma This is a contradiction, because the zeros 



of A are isolated. □ 

12.2 Holomorphicity and the Montiel theorem 

In this section L denotes an immersed holomorphic curve in MP^. 

Remark 9 (Holomorphic Vector Fields). The tangent bundle of a Riemann 
surface viewed as complex line bundle carries a holomorphic structure: 

dxY = ^{[X,Y] + J[JX,Y]). 

Note that this is tensorial in X. The vanishing of the Nijenhuis tensor implies 
dJ = 0. A vector field Y is called holomorphic if dY = 0. This is equivalent with 
ByY = = djyY, but either of these conditions simply says 

[Y, JY] = 0. 

Any constant vector field in C is therefore holomorphic, and a given tangent 
vector to a Riemann surface can always be extended to a holomorphic vector 
field. 



Proposition 22. Let L be a Willmore surface in MP^. We have the following 
holomorphic sections of complex holomorphic line bundles: 

A e H^{KB.om+{H/L,L)), Q e H^{KB.om+{H / L,L)), 
6l G H%KRom+{L,H/L)), AQ G H^{K^Yiom+{H/L,L)), 

andifAQ = then 5^ G (iT Hom+ {L,H/L)). 

For the proof we need 

Lemma 19. The curvature tensor of the connection d + d on H is given by 

R^+^ = -{AAA + Q AQ), (12.1) 
and for a holomorphic vector field Z we have 

R^^^iZ, JZ) = 2S{dzdz - dzdz). (12.2) 
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Proof. In general, if V and V = V + are two connections, then 

We apply this to'V = d + d = d— (A + Q) and use Lemma 

= -2{A AA + QAQ) + {AAA + QAQ) 
= -(AA A + g AQ). 

Equation ( |12.2| ) follows from 

R^^\Z, JZ) = {dz + BzMjz + Bjz) - {djz + djz){dz + dz) 
= S{dz + dz){dz - djz) - S{dz - dz){dz + Bz) 
= 2S{-dzBjz + Bzdz), 

because 9| = = 9|. □ 

Proof of the proposition. The holomorphicity of A was shown in example and 
that of Q can be shown in complete analogy. 

(iJ, S) is a holomorphic complex quaternionic vector bundle, and L is a holomor- 
phic subbundle, see Remark ^. Therefore L and H/L are holomorphic complex 
quaternionic line bundles, and the complex line bundle Hom+(L, E /L) inherits 
a holomorphic structure. Then, for local holomorphic sections ip m. L and Z in 
TM, 

{dz6L){Z)i; = dz{6L{Z)^) - 6L{dzZ)^ - 6L{Z){dz^) 

= Bz{h{Z)i^) = BziTTLd^PiZ)) 
= TTLBzid^jjiZ)) = -RLBzidzi^). 

By ( [mp and (|TT2|) we have 

Bzdz'il^ = dz Bz^ -\ R^-^^{Z, JZ)ij, 
=0 eL 

hence 

{Bz6l){Z) = 0. 

Then also 

{BjzSl){Z) = S{Bz6l){Z) = 0, 

and therefore B6l = 0. 
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To prove the holomorphicity of AQ G r(i^^ Hom(if/L, L)), we first note that 
Hom(/f/L, L) = Home (TM, Home (TM, Hom+(iJ/L, L))) 

carries a natural holomorphic structure. The rest follows from the holomorphicity 
of A, Q, and the product rule. 

Finally we interpret Si as a section in ii'Hom_|_(L, S/L). Note that the holomor- 
phic structure on H is given by d. From the holomorphicity of A we find, for 

0er(L), 



= = d{A^) + 

=0 

This shows that L is 9-invariant. Moreover, it is obviously invariant under A 
and, as a consequence of AQ = 0, also under Q. From Lemma ^ it follows that 
L is invariant under R^~^^, and that for a local holomorphic vector field Z and a 
local holomorphic section (p of L, 

dzdz<p = Bz dz(t> +\ SR^'+^iZ, JZ)^ . 



Then 



idz5i)iZ)^ = d{5iiZ)<P) - 5iidzZ)<p - Si{Z)dz<P 

= dz{hiZ)cf>) = dzin^d^iZ)) = nidzmZ)) 
= n-rdzdzct) = 0. 



□ 



13 Epilogue 

In the presentation of the material given in this course, I strictly focused on 
surfaces in HP^, though many concepts may also be considered for surfaces in 
HP" or even for more general situations. A significant difference in higher codi- 
mensions is the lack of a unique mean curvature sphere congruence as given by 
Theorem ^. As a consequence, the bundle L will not carry a natural holomorphic 
structure. But will: see Theorem |l|. 

The global theory of holomorphic sections and degree theory for complex quater- 
nionic line bundles is under construction, see e.g. 0. There one finds a lower 
bound for the Willmore functional: 

W{L) > -rf + ord^. 
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for a nontrivial section ip G H^{L ^). Here d := deg(L ^) is the degree of L ^. In 
[H a stronger inequality will be shown under certain non-degeneracy assumptions: 

W{L) > h\h^ -d-1) 

where := dim H^{L-^). 

Another topic addressed in is that of holomorphic structures on paired complex 
quaternionic line bundles and generalized Weierstrass representations. Let L be 
a complex quaternionic line bundle with holomorphic structure D. Then KL~^ 
carries a unique holomorphic structure D such that, as quadratic forms, 

d < a,ip >=< Da, Jip > — < Ja, Dip > 

for a G r{KL~^),tp G r(L). In this situation, the Riemann-Roch Theorem, 

dim H^{L) - dim H^KL-^) = deg(L) -g + 1, 

holds on compact Riemann surfaces. 

Given holomorphic sections a G H^{KL~^), ip G H^{L) there exists a local 
/ : M — i> H such that df =< a,ip > and / is conformal with right normal given 
by Jip = —ipR. Conversely, any conformal / can be obtained in this way: Put 
L := M X H, Jip := —ipR, and Dl := 0. Then df =< a, 1 > determines a 
holomorphic section of KL^^. 

Besides Willmore surfaces, the family of isothermic surfaces fits perfectly into the 
present frame. Classically, in M^, they are defined by the property of carrying 
conformal curvature line coordinates, or, equivalently, by the fact that their mean 
curvature sphere congruence touches a second enveloping surface conformally 
related to, but with opposite orientation from the original one. Examples are 
Willmore surfaces or constant mean curvature surfaces in 3-space. Isothermic 
surfaces have been also defined in 4-space, see In our setting, we call / : 
M —* HP^ isothermic, if there exists a second surface g : M ^ HP^ such that 
df A dg = = dg A df . There is a quite satisfactory generalization of the classical 
Darboux transformation theory for these surfaces, see [§. 
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